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Foreword

This report was prepared by Urho A. Uoti la and Richa rd H. Rapp,
Professors , Department of Geodetic Sc ience at The Ohio State Unive rsity,
under Air  Force Contract No. F 19628-76-C-00l0, OSURF Projects No.
710334 and 710335. This is a final report of the contrac t covering time
period July 1, 1975 to Septembe r 30 , 1978. It has been administe red by
the Air  Force Geophysics lAbora tory, A i r  Force Systems Command ,
Hanscom AFB , Massachusetts w ith Mr. Bela Szabo , Contract Monitor.

The research done unde r this contract has been previously reported
in twenty—tw o scientific and two inte rna l reports. In the following the
scientific work done under this contract will be summarized.  The sub-
headings 1. 1-1.7 , and 2 , are written by Uotila and 1. 8-1. 12 , 3, 4 , and 5
are written by Rapp related to research work done under OSURF projects
710334 and 710335, respectively , which have been under their supervis ion .

The authors wish to tha nk all of those who have partic ipated in the
research under the contract. Special mention should be made about the
excellent contributions of Drs . Hajela , Jekeli , Kearsley, Moritz , Rapp,
Rummel , Schwarz , Sj~iberg, Siinkel and Tsche rn ing to the successfu l
completion of the research contract. The authors acknowledge the cooper-
ation and support given and express their app reciation to the Contract
Monitor, Mr. Bela Szabo , for the stimulating technical and scientific
discussions .
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1. Collocation and Related Subjects

Dr. Moritz prepared six , I)r . Sjobe rg two , and I)rs. Rummel , Si.inkel ,
Tsche rning and Jekeli one technical report in this area. Part of the
summaries reported under 1. 1-1.7 are taken directly from Moritz ’s and
Sunkel’s reports w ithout quotation mark s. The ti t les of the reports are  used
as the subhead ings for the presentation.

1. 1 Integral Formulas and Collocation

Various aspects of the inte rplay between least-squa res collocation and
classical integral formulas were subjects of Mori tz ’s repo rt (1975) ‘t lntegra l
Formulas and Collocation. ”

The first three sections of the report were concerned with the proof tha t
integral formulas , such as Stokes ’ and Molodenskv ’s equations , might he con—
sidered as limiting cases of collocation for homogeneous and regula rly and
densely distribute d data. Moritz showed that the two types of methods are in-
deed compatible and , what is more , they even complement each othe r from the
point of view of practical appl ication.

Sections 4 and 5 deal t w ith applications of least-squares methods to adjust
continuous data , with a view to using them in Stokes ’ and other integral formulas.

Practical and numerical aspects were presented in the last section and the
relative merits of both types of techniques and their  inte rplay were considered .
With respect to numerical compu tation , Moritz concluded that integral formulas
and collocation techniques mu tually complement each other , so that in many
practical cases a judiciou s combination of the two procedu res may be practically
most convenient.

Throughout his report , the so-called spherical app roximation was used . It
consisted in neglecting, in equations that relate quantities of the anomalou s gravity
field , small terms on the order of the flattening ; thereby elli psoidal relations
were formally transformed into spherical formulas. More precisely, a point
on or near the earth ’s surface , having geodetic coord inates ~~~, A and height h
above the ellipsoid , was mapped into a point that had spherical coordina tes ~
A and height h above a sphere of radius 11, R 6370 km being the mean rad ius
of the earth and ~ , A , h being numerically the same in both cases.

The spherical approximation considerably simplified formulas , while its
error was negligible in most practical cases. It unde rlies Stokes ’ and Vcning
Meinesz ’ integral formulas , as well as most solutions of rvlolodensky ’s I)r ot)l( ’m;
it also underlies least—square s collocation. If necessary , ellipsoidal effects
could easily be taken into account by small correction te rms to the spherical
approximation as shown by Moritz in his earlier report (1974) .
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1.2 Covarianc e Functions in l east-Squares Collocation

Least-squares collocation depends essentially Ofl the covariance functions
used. This is espec ially true for accurac y studies , for which , on the other hand ,
collocation provides a powerfu l mathematical apparatus.

For instanc e , it is known that some analytical expressions for covariance
fuactions lead to imagin a ry standard errors. What is wrong w ith such functians ?
They are not positive definite .

It is also well known tha t the covarianc e fu nctions are responsible for the
precise mathematical structure of the grav ity field th rough covariance propaga-
tion. This implies that the basic covariance functions must be harmonic.

It appears , therefo re , appropriate to elaborate , in some detail mathematical
properties of covarianc e functions such as positive definiteness and harmonicity.

Another question is how to characterize a covariance function sufficiently
well by a small number of parameters , in such a way that two different covariance
functions that have these parameters in common, give approximately the same
result.

To find a good analytical covariance function , one tries to represent it as
a linear combination of simpler functions . It is , therefo re , desirable to know
the behavior of such simpl e models which may serve as building blocks for a
global covariance function.

All these problems were considered in the first pa rt of Moritz ’s report
( 1976a) : “Covariance Functions in Least—Squares Collocation. ” He dealt with
the mathematical structure of covariance functions . The properties of isotropy,
harmonicity and positive definiteness were discussed , and Moritz suggested that
a covarianc e function may be characterized by three essential parameters : the
variance , the correlation length and a curva ture parameter. He also considered
some spatial cova r iance models (plana r and spherical).

The second part of his report dealt with the following question: What happens
if the “true ” covariance fu nction is unknown and least-squares collocation is ,
instead , performed with a “wrong” (or more precisely, non-optimal) covariance
function?

h o w  does the result change with respect to the optimal case , and what is the
effect on accuracy studies?

Mor itz treated the influenc e of covarj ances on the results of collocation. For-
mulas were developed for the standa rd erro r of collocation results when using non-
optimal covarianc e fu nctions, also for the case of stcpwise collocation. Finally
the behavior of interpolation errors with and without the additional use of horizontal

— 2 — 
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gradients was studied by means of power Series expansions for COvari an~ efunctions and by means of Gaussian covar iance ’ functions. Moritz conclude( 1that non—optimal covariance fu nctions had re lat ively little influence on theinte rpolated values but a very strong effect on covar iances as calculated usingthe conventional formulas .

1. 3 Least—Squares collocation a s a G r a v itat ional Inverse Problem

In geodesy and geophysics we frequentl y meet with the situation that amodel define d by a set of , say , N paramete rs is to be determined from asmaller number n N of observations .

As an example , the interna l structu re of the earth may be defined by a setof N parameters describing the density , the rigidity , and the comp ressibilityof the ea rth as a fu nction of depth. The n observations comprise velocities ofseismic surface waves , together with the mass and the polar moment of inertiaof the ea rth , li the model for the earth ’s inte rnal structu re is to be realistic ,then N will be la rge and n -
~
- N.

We thus have n <
- N equations for N unknowns , which is obviously anunderdeterm m e d  proble m admitting an infinite flu m be r of possible improperl yposed problem. (A problem is properly posed if it has a unique solution thatdepends continuously on the data.)

Originally, the equations expressing the data X 1 US functions of the modelparameters 5r will , in gene ral , be nonlinear :

f~ ( S1 , s2 ,  . . . , ~ ), i 1, 2 , . .  . , n.

By a suitabl e application of Taylor ’s theorem it is usually possible to approximatethese equations by linear ofleS:

N 1 Sr ,

or in matrix notation :

x A s .

The fo rmal solution of this syste m of linear equations may be Written as

S = A ’ x .

If A were a regular square matrix , the A ‘ would be the ordina ry inverse matrixof A. In our undc rdeterrnined case , however , A ’ must be unders tood in thesense of generalized matr iy 1”erscs , 
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At any rate, the solution of the above equations may be considered as an
inversion of these equations with respect to the pa rameters s ,. , which accounts
for the na im’, g3ophysical inverse problems.

Another typ ical example of an “improperly posed” inverse problem is the
determination of subsurfac e mass distributions which produce a given anomalou s
gravity field at the earth ’s surface. This problem is sometimes called an inverse
problem of potential theory .

The determination of the earth ’s external gravitational field from geodetic
gravirnetric and satellite data may also be considered as an inverse problem
that is mathematically quite similar to the determination of the internal structure
of the earth fro m seismic and other data.

This geodetic inverse problem is likewise unde rdetermined. The exte rnal
gravitational field requires for a complete description an infinite number of
parameters , for instance, the set of all coefficients in the expansion of the
external gravitational potential in spherical harmonics. This infinite number ,
N = , of pa rameters is to be determined from a finite number n of obser-
vations .

Even in the seismic inverse problem it is , at least theoretically, appropriate
to take N = if we wish to admit reasonable general functions for density,
rigidity , and compressibility because it cannot be assumed a priori that such
functions depend on a finite number of parameters only.

Thus , in general , the space of parameters will be infinite-dimensional
rather than N-dimensional. In othe r words , the proper gene ral setting for
(linear) geodetic and geophysical inverse problems will be infinite-dimensional
Hu bert space. This was pointed out by Kra rup (1969) for the geodetic case and
by Backu s (1970) for geophysical inverse problems.

The geodetic inverse problem , the determ ination of the exte rnal gravita-
tional field fro m data of different kind , is usually solved by least—squares col-
location. This technique has many features in common with othe r geophysical
inversion methods. It may, therefore , be of interest to compare these techniques
and to exhibit some c ross-connections. This was done by Moritz in his report
(1976b) : “Least-Square s Collocations as a Grav itational Inverse Problem. ”

lie also discussed least—squares collocation fro m the point of view of
analytically rep resenting the external gravitational field by a l inear combination
of suitable simpler harnionic functions.

Moritz said tha t the subject of his repo rt is pu rely conceptual , aiming at
a bette r unde rstanding of least-squares collocation by considering it in relation
to other methods; no new computational formulas were derived. His paper is
useful as a contribution to the present discussion on the conceptual foundations of
least-squares collocation.

-4-



1.4 On the Compu tation of a Global (. ov:t riance Model

In his report M u r i t z  ( 1976a) showed tha t the ~oea l b ehavior of a cova riance
function of the gi~t v i t v  anomaly , ~~g , can be eha r:tc ter iz t d quite well by nu ans
of three constants : C~ var ian ce  of ~~ g , 4 corecla t ion length and C-
variance of the horizontal glu(lient of ~~ g . In his report ‘‘On the Coi i i pu lut ion
of a Global Covariancc Model ’’ ( Mu r i tz , 1977), he treated the problem of de-
termining a global covariane .’ funct ion  if the following data are given: the var-
iance of gravity anomalies , the variance of second—order g radients , the corre-
lation length and the lower degree variances , lie p roposed tha t covariance model
is a linea r combination of the reciprocal distance eovar ianc e function and a c o —
variance function of logarithmic type . lie a lso found tha t the correlation length
is already fixed , w ithin ra the r narrow limits , by the remaining data . It tu rned
out that the gradient variance , C0, rather tha n the correlat ion length , 4
provides a basis for calculating a global covar ianc e fu nction from local C0V 11’i —

ance functions .

1. 5 Statistical Foundations of Collocation

Users of least-squares collocation ask for a theory that gives an answer to
practically meaningful questions: What is the accuracy of our results ? (‘an we
apply statistical testing techniques ? How can we compute statistical distr ibutions
of gravity anomal ies or of deflections of the vertical ~ A reasonable answer to
these questions requires some statistical theory of the anomalou s gravitationa l
field. But is this field reall y a stochastic phenomenon ’? Such questions seem to
motivate research into the’ statistical foundati ons of collocation.

Least—squares collocation has its roots in many  fields:

1. Least—square s estimation;
2 . Prediction theory of stochastic l)rocesse’s;
3. Approximation theory;
4. Functional analysis, especially the theory of Hi lb e rt

spaces with kernel functions~
5. Potential theory ;
6. Inverse and imprope rly posed problem.

All of these “many facets of collocation” present relevant aspects which  must be
taken into account in a complete and balances treatment.

The relation to the theory of inverse p roblems is clear; our data are function-
ally related to the gravitational field; to dete rm ine this field from the data , we
must somehow invert those functional relations. Now the gravity field require ’s
infinitely many pa rameters for its full determination; the numbe r of measure ments ,
however, is essentially finite . The refore , we have an improperly posed problem.
To get a unique solution , we must impose add it ional  conditions , which may have
the form of a least—squares principle or of a norm in h u b e r t  space . 



Hist or ica l l y , collocation has developed from least—squares prediction of
gravity anomalies , which is an application of the prediction theory of stochastic
processes . Hence, statistical considerations hive played an essential role in
collocation fro m the ~~~~ beginning .

Also , the relation to classical least-squares adjustment has soon been
noted. In fact , collocation models bear fo rmal resemblance to conventional
adjustment models. The characteristic diffe rence , however , is the infinite
numbe r of pa rameters necessary to fully characterize the gravitational field .
This fact fu rnished an essential linJc to stochastic processes and to infinite—
dimensional Hu bert spaces.

Least-squares estimation and stochastic processes give a very convenient
ma thematical formalism and terminology . They also provide the basis for a
statistical interpretation of the results , essential for feasibility studies .

The practical success of the statistical treatment of collocation has some-
times overshadowed its equally significant analytical aspects , espec ially the fact
that there is a clean analytical structure underlying it. This mathematical
structu re Is based on the ha rmonic cha racter of the anomalous gravitational
field and on the fact tha t all quantities of this field can be expressed as linear
functionals of the anomalou s potential. The analytical characte r of collocation
is best brought out by approaching it from the standpo int of approximation theory ,
working in a Hu bert space with a kernel function.

These two aspects , the statistical and the analyttcal aspect, are both indis-
pensable and mutually complement each other. In fact , evident already in the
fundanwntal paper (K ra rup, 1969), seems to be generally agreed upon, although
the re is some controversy on details .

A literal interp retation of the anomalous gravitational field as a stochastic
process has encounte red two objections. First , there is only one Earth; a
probability space of many possible earths is logically unobjectable , but appears
unnatu ra l , since all realizations except one (the real Earth) are unobservable.
Secondly , Lauritzen ( l97~ ) has proved that there is no ergodic Gaussian process ,
harmonic outside a sphe re . This has sometimes been misinterpreted as a proof
that no ergecl ic process modeling the anomalou s gravity field exists at all , so
tha t the cova rianc e function , in principle , cannot be estimated from the data.
In fact , howeve r , the Gaussian structu re enters essentially into Lau ritzen ’s
j ) T~~~f , and there do exist non-Gaussian ergodic processes suitable for collocati on.

In his paper “Statistical Foundation of Collocation ” (1978a), Moritz deals
wi th  mathematical models suitable as a basis for statistical treatment of collo-
cation . As a prepa ration he discusses fi rst the stochastic processes on the
circle , because such processes are simple to understand and they exhibit already
essential featu res of the problem.. Then he treats stochastic processes on the
sphere , which are suitable as statistical models for collocation. Moritz shows

— 6 —
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tha t I~aurit zen ’s tht ’ore ’j n 011 tli (.’ h u h ’ \ i  — l a  lo t ’  of e rgt~ lic ( ‘, t h i l s S i t i f l  St4 u l l t i t  I I (
process mod els for (ol local  iOn t ’ i~ (~~ :— 1 1 ~ ik’peni leul on the ( a I iSS
character. EEc gi~ t’s t~v~’ t o u t — i  ;a ii ( 1 0  11051(15 , i t o ’  of a ginui nt l’~probab ilistic cha rto te r s im i l a r  t I a i t  .‘ i’r~s i i i ’  ‘del , :1 l i i  ar iot  l ie ‘ ‘ i i
forma l prob abi l i ty  theur~ in u aw ~ i~~up s u i : u e .

‘rhis second rno (k ’i  g \ I  s a is R t I  I foundation of the usual hotitug. rn H U S
and isotropic cova r ianc e a a t  s ts f ‘ ‘‘ n i  I us g ray i t ’ , f ie ld .  l~bs ‘ In dcl a I si

provides ii basis fu r  the ‘ i ~~~ 1 ta ’ ~~~i t i s  a i i  d i s t r i b u t i on of qu a t l i t i e s  t e l a t e d
to this field . I t ‘a lso allo~ - a I ’u  s ta t  ‘N l e t  I I r e t i l m e n t  of the a noma b u s
gravitationa l f i e ld  w h i c h  i~ ‘i1 ’~ a i  ‘~~~i, t i n  a t  i i h c n i t i n 1 th is  f ie ld as s oul , ’
genuinely phy sica l  ~~t , i e ! i t i ~~ i c  ~~‘ ‘ a t  :1 ti c! ~-a & ’ h i i s , the r i b .  i’ , to ~ p t  b r t i i t l i .

If the’ approach 1 u i ’ c s, y ~~, i  a, ~~i t  ~ ‘ u n t t t i  e n  a I~m led t h i ’ , ’~ of
statistical d i s t r ibu t i ons  f o r  ~ i ’  t(~ to: a ‘ “ i v  t i n t  q uan t i t ie s , Su ch  as  gr ;i  t, I
anomalies , geoicla l heights , an e~~f! ‘ I as 1 the y e  h i  i i i ! , cou ld be (leV i hiupe dl
and applied to the sta t i s t b . I.e i n~ ~c ’ 0 1 1 1  i t  l eas t  —~ qut t  res eo l h  cci I t

1.6 The OPC i i !  ,\ PPr0ac i~~± s k: t l

‘t he re ar e t’sst ntitu1l ~ t w i  p .  s 1 pp u’ i aehe s to pk s ical g t u i i 1 , s~ ~as i l s i i
to other natu ral sni(’ne(’S) thei in bc called the model approach and t i ,
operational app roach. Essent i a l ly , the  i c-c t approach sta rts f i ’oiii a thcor\
second from the iiiise ’rvations. ( ii~ h ’uc t1 ~ , tat ’ ~wo approaches art ’  (I.)s(’i\ relat ed
to the deductive method and the in i lu t t i \  ~ ‘ n i e c i n i i l  in the natu ra l sciences .

In the model approach, one i t t  cc i~ a a a mathemat ica l  model or fri urn a
theory and then trie~ fit this m d l  ( i  t a  I n , for inst ance by dete rm inhi ig th e
parameters of this model f rom ~t i s ~ t’va tn- . . i’hc’ e h i  ssicai geodetic example a re
the cc nt ’ r ies— old a t t i ’u n p ts  iu ci t ” ‘n ine (h ’  :11 i m c t t  r ’c of t i n  earth e l l i p s o i d  l i v
observations .

Perhaps the most elaborate fi rm if  this model approach is the hounda !‘\
value problem of phy sical gt ’o d( s . in ~~ ‘ n i u  a I i i  ni of Mi ‘Iodeuskv . It ha a
~nathe niaticafly enormousl y inte re’ i~ t i n  I. ‘e ’ p  i I u ( S J t y  ant i i~ plilet i e ah l ~ hi igh) v
si gnificant , as the many  gra ~‘ ir n e t r t ’ . g i n  i t  t v r b h l i n z i  t u r n s  and i i  r c p i l  I t  t i  t t i s  of
deflections of the vertical sbciv, . I I ’ va ye hI  ‘

~ P1 i’ tw it ha . i t s  w a \ nos ’~es : the
required continuous grav ity  r ove rag’ is i t i i .’ h u n  li c not. h e l l  I l iab le :  on the othe  i
hand, many othe r important. data en b u t  I t ’  l O t  ‘pu n i t  cii in t o  th i s  I heu r~ .model selects its data .

At present we have a great  nit t u h i  r 1 get sk t ic iiica s u re ’ments of very
different types , from terrestr ial  t ing l .  :un ’~ d , ’- ctc u s ’c measi. i r ( ’lncnt s to satellite ’
data of various kinds . The ( lu st u rn  a ‘ i t .  ~ : ii ’ ’.t can ‘va t i t - . ’ and eon i hj n e  a l l
these data in the best ~~~ si }~! a t i  ‘

.‘ i h i  .~~~r’ t tj ona I approae ’h.

L~~~~~~~~~~~~~~~~~~~~. . .
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I i t  US s i i h i h l f l l t  i i  u • In I l u t  i t i i d i ’ l  c u ; t p i ’ t :~ ’ h one asks: how ’ can I best di’—
Ce ’r ii i ’inc my t iio i ie ’i by sii i~ ibli ’ 1 iS t ’ i v t i  t o  au ‘,> In th(’ operational approach one

how’ i i  ii I nia ki ‘ Io’’~ U se t f  t i l l  rn ~ ’ i t  ‘st rva l i on S  “
~

a u n i t  I c r  of t a c t , the t W i t  t i pp i ’ : u t ’ I t c s  do ~ i i t  compete’ w ith each other;
c ’tteh to ’ it s ’  [ I i i  t a l c  s t i i p i t  c i .  aspect c-c , and th e  tW ~ approaches mutually
eti t i i 1i l t ’i i icnt ‘ ‘a u li 0 1 1 1 ( 1 .

I’hc op t ’  t’t i i i i  mt I a; p t i  ne l i  t o  pin 5 icttl ~~( ti li t- v J i:t s come up at a relatively
re’een I cia h - , n i i t ’ i i  a hug i ’ nit nib r cf n i t  c - c  re rnent  s of new types was available
and w hen it to rued i -tn t  tha t  the hi s’s ic:il , i ‘spec ’ i t i l l  the gravimct .ric approach
failed to g o t  a t i  upl i ft ’ a nswe i’ in v I ew  t f the lack in gravity data .

Ii ’  gc ’ w i u t ’ l i  c c i i  gi n-u sc : i l t ’ i ci !t J e ’ac-it ’— s ’j u a r e ’ s  tu I~u stmt ’n t  is in the spirit
of ami ‘pu ’ rti t i on ;u  I app r t i a ch  ( l u  c u c u t i  I bet -- i u S c  t i ll in’. ineaSu rernc,’nts) In
p h y s i c a l  geodesy , (ipe t~i tj t ,ntd 0 d b  Ic - ; ha~ e been known unde r the names “least—
sciu a It’ s collocat ion , ‘‘ ‘‘ lo t ‘g t’t i  t e d  gi ’ i i i l t  ‘ c~c \  , ‘‘ ‘ i ipe rat iona l  geadesy. ‘‘ All these
me thods t i re ’ \‘ t ’i’\ siiuii l ii i ’ ; the ’\ 11 a t t n  at  ‘1 quci te treatment of the gravity
field , I n t i dj i u ’ii to u n : u l j u u . - c t i  eat  of i a ’ c i s i u i ’~ nc; ‘ r r i t r s . ‘1’he~ all use quadratic

u l t I l i i u l c i l , l  p ri inc ’ i plc ’s f lw ’0 l ’~.) n r t i t i h l g  not  m u  I the measur ing e rrors, hut also the
ano malou s g r a v i t c  f i e l d .

Mor it z  ( 197 ‘~h) p in st  ‘oh 1 a c - c c ‘-u t ,  ‘ n n u t  Ic t i e d  I m c i i i  i f  the ope rational approach
in Ins report: ‘‘The ( ) lo ’ rationa l :\ h t n - t u b  f t .  I ‘ti c s I c - t i !  ( eodu ’s~’.’ ’ He shows that,
using eon t e ’ in p mtnt  rv i r it i th ema t c c i  1 te chniqu e ’s , a s t ra ight  road leads from the non-
li near observa t i u i n t t l  c’  t~n- I j Olt - c ~~t c 1 b c  tI ion w i t h  kerne l functions and least—squ a res
collocation. A fte r [inca i i  / t i t  Iofl t i n  tnp r op er lv  posed problem was obtained , to
which :\lo ci ti a ppi i ’d thre e’ diffe rent Sk i  uu la  rd method s of solution: 1 ) a restriction
of the solution spt .ce , lead lOg i t t  ‘‘p11 0 —c t I loca t ion , ‘‘ 

~ ) variationa l principles
of Tichonov t t  1s ’ , l~~’ wi i  cli n le ’t i su r i n g  c t ’r ’t i r s  can ho ’ taken into accou nt , leading to
a gene nil  I i. ’d ‘ t i l  I i  i t i  I t  mi ic t i l t  ke m e l  f iuce ’ as , and ~t ) a s ta t is t ical  approach,
le ad ing t o  I t ’ t i s t — - s q t i m t u ’ ’s c o l l i u ’ t u N , t n .

:\t the end ut  h i s  report , \l t r i t /  d i scussed  th ese vu rious stages and possible
yes . \1l th rem t i ~ t 1 u - : c  l it ’s c a i n  to (- on \m ’r ge  on collocation with kernel

ftmn ctimus and I e c u s t — s i t u t i r c s  ‘ i t l i t ’ c ’t i t j t n .

1.7 A p j u l n n o i i l d u t i o n uf ( u v :l  u ’ i d l n m o  ~‘u n c . I i n n s  Liy Non—posi t ive  Definite Functions

b In i’mg (hi’ i t t  St di n ’tu h’, when lea s t— c - ’ i 1u a  ci ’s collocation presented itself as
the la hi pu ’o(’(’ssing’ n iod( ’J in pl~vsical ge ’i i desc y , the most serious argument against
~\ ‘miS the h f l v ( ’ l S i o f l  ‘f f l  In rge’ l l l t i l i ’ iX resulting in much computer time needed for
this PU i ’1 t i ) 5 ( ’ . No attention wmis I)aid to the (hu e used for calculating the linea r
funcf,iorials on the’ ci \ ’mtt ’ i t ince  fun ct i on because for simple problems this time is
definite’l~ m b ’  t ’ i o i ’ i i i  ( h i ’  rnvi ’  f’s - Ill Ii mt . The s itutt ti o~, howeve r, changed im—
t l i i ’ ( l i t i  t el ‘c to - t t  i ’ - .t ii’ (118 c’. t ’ t’( ’ ’n I (tir ’la ’d wh i c h  n v t t l  e’d many and /or difficult
cova r la n e- i ’  cal en Ia N i  ns . .-\ I th ou g h Wipp and ‘l ic e he ru i ng (1974) succeeded in



_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _

deriving closed expression s of cova riane ’t ’ fun i ’ti o , ic ’. for diff e rent models of
anomaly degree’ vu rianees , the c losed (‘xl ) ri ’s sb US ‘-ct i l l c t  insis t  of fune ’ti ons like ’
logarithmic and trigonon i~ t r i c  funet inn s , ‘tt l i l t  ‘Ii a Fe t ~ us i v i ’  in  t ’r p i t s  of c it i n  —

puter tinu~.

We mention only a few kinds ( i f appl ication : I )r ( ’du ’t io n of mean g r a v i t y
anomalies over rectangular b locks fro m point va lues , 1trei l i ct ion of mean g rav i ty
anomalies over large r a re’as fro m m enu gr avi t s  anoma! it ’s i v e  r sinaI It ’ r a
prediction of mean gray ity anomalies from satelh itt ’ :mb Li n o t  i’~ data , a l l  prob lems
involving satellite dynamic ’s . All these applications have ant ’ common featu re :
it is necessary to calculate covariances hr numer i ca l  integration. In case’ of
mean gravity anomaly prediction the in t e gra t ion  is at i> i i>S t  twofold , in ease
of satell ite dynamics , however , it. is multifold. In the fo rmer  caSc an expl ic i t
integration procedure can be avoided , if one re ’places the rectangula r a rea of
integration by a circula r one. The so— -(’all(’d smoothing t)I)t’ration is caused by
an isotropic smoothing operator acting or, the eov :triance fl_unction which itself
is also isotropic. Therefore , the’ convolution of the smoothing operato r w i th
the covariance function correspond s to mu product of the corresponding cigen—
values , which is naturally very s imple . In orde r to obta in  closed expressions
for the mean gravity anomaly function , however , a fu rther’ a r t i f i c i a l  assu mp tion
has to be made : the eigenvalues of the sriioo thing ope rato r have to be rc’plae’e’d
by some other values (Schwarz , 1971i) . In problems involving satellite dynamics
as satellite—to—satellite ranging prol)ai)ly the only way to calculate d iva ritince’s
is by numerical integration over some t ime inte rval . Using exact cova rianees
for the integration p rocedu re is extremely time ’ consuming.

These were the reasons why the question arose whethe r it is possible to
use some more or less accura te approximations of the ’ exact covariance functions ;
the approximating functions should be simple , easy to handle , accu rate and should
consume as little mass storage as possiblc. Siinkcl (1978) studied this prob lem
and reported his find ings in the’ report: “Appr oximat ion of Covariance Functions
by Non-Positive Definite Functions. ” I-Ic studied three diffe rent kinds of approx-
imating functions , all of them be i ng finite elements ; 1 )  a step function , 2
a piecewise linear fu nction and 3 ) a cubic-spline function.

The basic principle und erlying his investigations was well known and fre-
quently applied in many fields ; the network pr inciple ’ : gene rate’ a net of fixed
points (here grid points ) and perform very accu ra te measurements at these’
points (he re , calculate exact covariances); these fixed points serve’ as a basis
for small scale measurements which can be performed using simp ler appa ratus
(he re , more or less interpolation of covarianccs by means of finite elenwnts~.

• His report was primari ly devoted to the s tudy of inte rpolation errors , pe rtu r-
bation of spectra and to the consequences of the approx i mat ion for the predicted
signal and its mean square error. Siinkel concluded that because of its smooth-
ness and its most favou rable app roximation properties the spl int’ function rep-
resentation of the covariance function presents itself as a very useful tool for this
kind of application.
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1. 8 (~ twa r ianc’t ’ Exj) ress ioflb for Second and I owe r ( )rd cr Derivatives of the
Anomalou s Potential

Since Moritz  (1972) discussed the theot ’\ and app lication of least squares
collocat ion t echniques for  g rav imet r i c  geodesy problems a numbe r of additional
studies have ’ been done to gain bette r insight into collocation from a theoretical
point of view , and to apply least squares collocation techniques to geodetic prob-
lems of interest.

One aspect of this wo~~ is the development of consistent covarianc e func-
tions. One step in this direction was described in Tschern ing and Happ (1974).
In this paper an anomaly degree variance mode l was developed that was fitted
to diffe rent types of i nformation tha t could be related to the anomaly degree
variances. In tha t paper the following model was chosen:

A ( Q - 1 )
e~ = 

(~~- 2 ) ( P +  B)  ( 1 )

~“her e A = 425.28 mgal 2, B= 24 , and a parameter s (used in the application
of e , ) ,  s 0.999617. In tha t report a number of covariance and cross coy-
ariance functions were derived involving anomalies , deflections of the vertical ,
and geoid undulations . All these quanties we re considered to be global covariance
functions based on a single anomaly degree variance model.

What was lacking fro m the above study were the covarianees involving a
numbe r of derivatives that could he related to gravity gradients. To extend the
earl ier work Tscherning (1976) developed an extended set of covariance function
equations for use wi th  severa l diffe rent anomaly degree variance models. More
specificall y Tscherning (ibid. ) chose to model the potential degree variances
which refer to the disturbing Potential. Thus if coy ( Tp  , T~ ) is the covariance
between the disturbing potential at points P and Q he write s:

Ii

dOV ( T~ , Tq )  ~~~~~~~~~~~~~~~~ (T ,T)  s~~~’ P~ ( t )

-4- 
~
) (Y ,~ ( T , T) S PL ( t )  ( 2 )

£ = a

wher e~ a~ (T ,T) arc the model potential degree variances and a,~ (T,T)
arc corrections to the model potential degree variances to degree n .  We have :

s I1~/(rp .r~ ) and t = COS~~ ( 3 )

wht’rm ’ 11h is the radius of the fljerhammer sphere, r is a geocentric distance
and mit is the’ arc between the two points . Tscherning (ibid. ) writes the o’(T ,T)
values in the following general form :

~1
= A 1 + ks ) ’ ( 4 )

=0

- 10—



whe re i ( 1 , 2 , or 1)  is a miu ut i t ’I  r m u u u u h t ’ r  m i n i A .  i S  it c onstant  in L i f l j t H  I
(rn/ sec) 4 . ‘l’ht ’ a~ value ’s m i i i  u t ’ l m u t i i  t t h t ’  u ’ ~ v~t liI (’t -t t i c  ( ‘F s c h e r ’ u i i u i m ’
I1~tpp, ibid.)

= - I 1 ’ t )
N

Us ing (4) and (5) w i th  (1 ) 1 e i m e u - u t u u i g  g : u v u - : I~ -2 , k - I , k~ I t ,
• A = A 1 10 /R h

2 cc ith U t i  ,

At this po int ‘I’sche r ’n ’ng  ( t 9 7 ’ 1 ~ ‘ t - t ~~~’’d the ri ’cess’ :u rv ‘ q t t m t t h n IA
uate the cova riancu ’s and into ce ’ 1 F i t I f l u  ‘s • ‘ t f i l l  uuw nt~ t i : ,  nt  l b  ‘H : ( I ) flu ’
height anomaly ; ( 2 ’) th e- mi ~i : ’ t k t  ~

‘ l’:t \ i t \  - L t iu ’b : i r icc  r ; ( ‘ I )  the g i ” r v i t c
anomaly ( ~ g ; I the i’;~~t ’ i  & ‘ ‘ i ’ ’  m m &  nt  1 i i u  g r ad i nt -~ ~~ : ( ~ k
second orde r radial  d e ’ r i v m t l  mc ~t I’ , i 7 k l :u t itutu ~i m i n d  I ’u i g i R n b  i n t o  -
ponents of the’ deflcc Uon of tht vc ’ u t  ic  1 i , , ( 9 the di - i ’ i v : u t i  yes  in the - ‘~ i ’ -n
and eastern direction of ~~g ; ( I1~ , 11 th u  dc r i v a t i v u - s  of the g r m u c  Pc  ‘ !m ~ I t i  r ’—
bance in the nor thern  and -:i: ~t l i t  ‘ i C  t i  f l ;  ( 1 2  — ( I P H i ’  r d  ur d , - r de
rivatives of T in the  no rthern , in ix ’. d in,  r th c  en mi nd ( ‘ t L H t ( ’  rn , mind in th e- t ‘: u ~~t -  en
direction. Sp’.’ e ’i f i c  e q u a t i o n s  fu r  m I t -sc  r ’ f  lb ’ s v ; i i i  l ie  f und in 1 5 ( 111 ru i ng
(i bid. , p. 2 and 3) .

To imp lu-  ment  these equal o i l .  l’sc 1 H i t  fig ( l e ’V iS ( ’d a s i ih r ’ tu t  flu en I led
COVAX that cc as given in the i’ep tel . -\ few c i  I u’rec l ion s  In th( ’ t e xt  and t ! u i
compute r program have been mad e  s u m  - i s  u’i g i na l pu l l c a t i o n .  ~ t t h  t - ’ i ’ t ’ -c  —

tions can be obtained di re’t,’t iy fro nt ‘l’ - ’ im n i  n m ,

1.9 Two Models for the ’ I ~~ ‘~~~~~~~ - & -  \ • ~ t : - m -  u-i i f u, ; loh:u 1 ( ‘ ova Fianc e I~u n c l i t t n s

In carrying out the c o n m p u t n t i - i u s  w ’t~t t ‘u u \ ’ A \ , ‘I’sc’he rning found tha t the
variance of the ve r t ical  g r a d i e n t  ~ t in - :u ’a V i  t \  afl (t malV W m ( P  llIS)Ut 01111 1- ’’

which implies a hon zont mu l a n ’ o mmm ’ I g i m u  d .• - ni (( ‘ v :u  r i m ln c c  of : t .’~Pb  I- ’. .  \ lo r u
(1977) showed that this high v mu i - l ance ’  n i p l i u - - s  a corre la t ion  length sma l l e r
than found in pract ice - . I~ then 

~~
‘ - - l i l t !  - i l  mi form of an  ;ino ni ;u lv  ct ’v :u  r io net ’

function that im p l i e d  an a n o n i m u i c  li r e - u ’  c m i  i -lan ce model that  w ou l d  m u ’ , ’ dd the
apparent p roble ms of the Tsche en u~~’, U- p r t ou d ( ’ l when deal ing uc i th  u~ t i t  • itt

covarianc e functions . .Je ’keli ( I t )  7 p i - - - ’ ’ -  el to inv e st ig mi t ( ’  the \ l or it i  ~ t ig  -•

gestion and attempted to P m v  i de  new no e ub u I  e s t i r n m i  tes of th i ;t n o m a l \  u h - ~~rt i-
variance models.

,J ekeli (ibid.  expressed the u r e u u t ’, t I  ‘, ci ‘Va r ia r uc ’t ’  fu t ict  u in , I ’ ( 1’ , Q , in
the following form :

C ( P, Q = V c~ ~~~~ 
~~

- -  P , ( ( ‘ 0 5  L ’) (6 ’)
- • r r , /

where fl~ is the’ radi u s of a 51)111 1’ 1 , ,  c v h j u ’ h  the ‘ , c- u i l u i c - s  a re ru ’ft ’ u - i - i d  a nd ~
is given by:

c~ = ~~~~~~~~~~~~~~~~~~~~~~~~~~ 
“ 

~~- 

~~~~~~~ I~)~~m “
~ 

ml 3

-

~

- • • • ---

~

- - - --- -

~

‘---- “-
~~~~~ - --.~~~~~~~~~~~~~ - - - -  - -  - -



In this express o n  the ’ ~su ‘~i t i u - l  ms to he est imated a re ~Y , , a , , and a~ .U was noted that. if  rj i , ~~~~~ I ion (7 )  tx ’du c (  -s to the Tsche rning—Rapp model.
I ’he c -ahu ’ . ’ s  f ,-\ mu ml I t  m u me r u t  - : 1 s t !  c f i ‘no d through adjustment  procedures;

*‘~t t J i i ’  i’ a I t’ um~ I t u i I - e u ’. 11’ ( I I  I l t i _ I l i  - 15 C I I  P t  - I I .

1 e ’k ’, ’ I i t h u - r u  pr -  ip ’ :  cd to th-n ’ cu r t  in ’.- t h u  • p ;u rmime- t e ’r s  of the model by using
lb  - f - I  I it - : t o g  ~h i  hi ; 0 n u m u n m u l ’ ,  i f ~ , me -c c u t  ‘ u m i n c ’i-s  to degree 52 fro m Rapp (1977) or
i i  C i’.  Ll, I ’& ’ & 2i] t i - u - - n t  i ii ’ . ’ ( , I ’ Vi 1 --ol u i u u i n  ~u t d n I  an om al \  var i ance;  the vertical
gr:udb’nt I :  ‘ u u u i & - t ’ ; : u u u d  u u i t - m i r u  : t u t o u u n t l c  - - - u ’ i u u m e ’ . ’ s  for 1

c and 5~’ blocks. Special
comi s  ide ’ - i t  n u n  V - m i s  p v e n t  to u s t  n mu hig h mad i c - n t  va riance (7000 ~:

2
) and a low

-gmmt t o - n t  c - m u u - n i n t - . ( 1 1 1 0 1 -  ) t o  - - u ’  th e &-f f ’ . ’ e t on the adjusted model.

~u - l : i i ’  i u t ’l’ - i ~~- t t ;  soi l t ots u -t i re utuadt - by - t e l -a- h i  to obtain solutions for the
L~~t ~- ‘i n p .n ,  I t )  ~n’1 , o’ , b m ob ’! mind ml -u~t -  com~x~nent ~~ 

= 0 , &~~ ~ 0)  model.
Ps tog the u t -  .\l 9 d’.’p i - i t -  Va unmu :I I  ‘ ‘P 1( 1 d u g  r u t  20 the’ results of j ckcli ’s model
f i t s  ~ure shu cc it I n  ‘( ‘ m i l d , ’  1 ( f t -  .ei .J e ’k el i . p. [9 ) .  The best fi t  to the data is found
to he’ cc it-h the ’ t w i  ci mpone-’nt u nit - i w i t h  the low gradient va riance. The one
cOifl  to fl ( ’fl t uil (Kl e ’ l dot ’s l i i i g i\ ’ u ’  mu good I to i r i t anomaly variance when a low gnu —

vo r ;u~ e-~ is used . ,\ t  t i n -  1 icv e ’r degree ( m l  -= 20) the C; ~ value from one
ul tc ’; t -e  tha t of t u t u - - t h e m  m , I i - i .  A t  di-gree 60 th is  difference has

dcc us -asu ’ I S igun u- - m u n t l c  , t hu - ~~i~ i tu b - of c- being on the order of 5 mgal2 for
m i l l  models . ‘t’he ’si- v m u l e u e s  mu i & -  s o u n c - u - ’, h: t h i :7h cc’hen com pared to recent ( Happ
19 (5~ cl ’ .’te t’ t i l  i n ; t t t t ) u s  showing v a l u e s  ntoe i -  on the order of 3 mgal2.

l b  ,-\ ‘ h & u c I u ’ t  ( ‘ o u u u 1 : t r j s o n IU t , eCiS t — -~-- , 1 u t : t u - t’~ (‘ olloc ’at ion

to addition to c t t n so l t -  i- t u g  imp i- o c t - i  anomaly degree variance models needed
f o r  C ’ ’ c’a u - i t o - • fu n - t u o ; i  ( ‘0 0 1 1 4 1  t : t t  on , s t - c - u ’  n i l  studies cv. ri ’ carried out to obtain
a bet ter  undcr s tandmg of sc m’.’ the ’oretieal Problems in Ie’ast squares collocation.

m i ’  sti ( ’h s tudc -  c u - m u  s mi r m t u ’d nu t  ic  R u m  ru n ’ ! ( 1976 ’) . llcr e ’ Rumm el  pointed out
tha t L n  m o , b Iu - ,  ~tf  i t -  st s- ~‘mmu re ’s _ co1I,~ -mit - ‘ n ’ar c in curre nt use. The first he
u-e’f’.’i’s to as the in odu-1 of ?t lc ’thu ud I )fl( - w~ t i - h is:

~ •-\ ‘t + 5 ’ ( n (8)

cu - h e - u , ’ - ml i s  a t i - i - t i -  of - ‘h s t - r t - , t  l i ons ;
me u s  mu c e ’ c u a > r  of Unkn ow n pm t 1~t ummc ’ t e  r s;
A is the c i  uu ’  f f i e  ti n t  m a t r i x ;
S ‘ iS  t i n -  l ’:L f l dou t t  Signal part  of m
0 iS mu u - ; u n ( I o u u u  si gna l or fl o i t - t u ’.

l iii  e s t i r u m i t i o n  i l  l i t -  m : i g n : u h  m i t  t i n  ;u  H~~~t u - m u  i - c -  p o in t  is  then given bc (l~ummei , ibid)

s (‘,~~r ( ( ‘ • i , ’ i~ ~~ (t  — A x )  (9)

w i t i  u , , ,  is t h e  e v a  r’ u u i n ce n u m i t r u m e  - ‘ - i \ u - . ’ c ’~i the “observed” quantities and
i ~~~~~~ u . — l i i i -  ( -  u-’ : u - I m u u ’ u ’  t n ;i t  ins  -Icc u - c u ~ the sign ;il  ( 5 )  t o lie estimated and the
‘‘ t i t u s ,  rv i ’d ’’ s ignal . ~t l u t i l i ’ l  ( m u -  is the  m u d  - h o r iginal ly suggested by Moritz (1972).
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-‘, --tecoad niodel for use in least squares collocation was suggested by
- u .  :tnd ~~-hw t ri (1973) . This model is called Model Two by Rummel and is

cc r u i t c  a ui i h u -  fo l l ow ing  f i u r r u m :

A x + R s + n  (10)

u - c u t ;“- s mt t i n ’ it - s i  red s ign al  and appears directly in the model. The values
t u f  ~~, 

-
~~, - n t  ii in (10)  ti re not neCet-; i-i u r i l~- the same as the values of In (8) and (9).

The s i t  - on f t .  - mm signal is given by ( Rumniel):

s ~~ 1U 46 R~ + ( • )
_ 1  

( 2  - A x )  (11)

I t is this  1 - m t  - 1  t l i~
- collocation solution tl~ t is often reduced to one involv ing

or, u i - u- .’e~~s ion - u f  a m a tr iN  whose s i --ic is equal to tha t of the signals being estimated ,
mind not u)flt requiring the inversion i) f a matrix whose size corresponds to the
nu mbe r of observations used in the process.

i tummel  c’k’a r 1-~- st~occ s tha t , in gene ra l , the results from (9) and (11) will
not he the Slut u e . The onic C a s t ’  of equivalence will he when we have:

R s  (12)

In most gril l m i - I n c  applications R w ill have to be a matrix transform ing an
infinite set of s ignal s  s (Such as gravity anomalies) into s ’ (suc h as a geoid
undulation) . In practice this could onl y be done in an approximate way. Thus
Rummel proved that the two models used in least square s collocation are differ-
eat. Only in special cases should Model Two be prefe rred with most appl ications
being clone using clocl eI One .

1,11 Potential Coefficient Determinations from 10° Terrestrial Gravity Data
B_y Means of Collocation

A sp c - i ’ if i v  application of Model One was carried out by Sj~berg (1978a) .
He considered the estimation of potential coefficients from mean ~ravitv anomaly
data g1 -nr i t im i l G  100 equal area anomaly blocks. In this case equation (9) takes
the follow i-m g f .uu ’m i

{
~

} (C  + D ~~”~~~~~ (13)

wl;c;’c C , ~‘i a n ’  the predicted full y normalized potential coefficients; C is the,,C u - -ic a t  , t i m ( ’ m i , u a t r i s between the mean anomalies and c; ,cs are the cross covari — /
ances bet’; cc -n  t h u  potential coefficients and the mean anomalies; D is the etcor.
1-ovarianu e ii tm u  11.5 of the anoma l i e s .  Instead of computing the mean cova ian
functions by numerical  integration Sj~ berg (ihid ) developed several duff nt
proe(’ciur(’s including the use of the smoothing operator of Pellinen, a the
e v a lu a t i o n  i f  the point. cova riance fu nctions at a certa in elevation above the mean
sphere .
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Sj~ be rg ca r r i ed  out th r i-c  d i f i ”  u - -i - i i i  s o tu l  h i ll s :  I ) :1 lu tist m~~i u u ; u  u - i - s  - t i l l  - - r u t  j u ~~~
solution considering the mean i ’ I t - c r u t . .  i :  - - -f t h e : m n u i n u a i y - h i u c ’ L s ;  2 a l i - m i s t
squares col location solution s - i ’ ! ( i l i u t  t i m .  i ’ h - c a l m o , i s  to / 1 - u ’ ; m ind 3 ~i • . - i l J c t - :u t - i i i

solution st ’tt t u g  thu t l u - v r u  i - i  t u s  En / - i  i i t -  f m .  n - i u i-m t t u t u  I i i - ’ I )  h - i  - u - u  • , i l - i
solutions cc-eve th u -ui c u u n l j x i  red f t  • I u - i f n t  i :u I cu tu - ffic’ h ots found (‘ corn t i n  -

nuiiierica i i n t c ’g ra tu - i - i n  i ) i ’ i~~’ u f l u ”  l . .  fl . ( I l  1 1 - i t t l - i - u i t h i t  t i . ’  I l u u _ - h ’ - l i l s , - u t . !  I i .  c u - i—
efficients compute d f r u t u m u  5 , - i c - : , n  ‘ u n - i  • - t m u ! i i ’ S  ( H i 1 1 . , t~~7 7: u ; .  -~~t uu. ’ u ’  l u l l S  i i i

terms of d i ffe t’enc-i’s a rt’ s c u m u s u  u~~;- i  i~ ‘‘ ~~~~~~

Table 2 . t ’ u ) i i u ! - i m u u . s ’  it t uf P t - i l - i  • . f  - - i t t t u ’ f f h ’ i u n( u-m I- ’ - i ’ u u u  I - m u s t

~qu a r ’s  ( ‘ .f I . - i - i - , i t  u .  H u t  Sc ! : i l : i  lu- -i t t ’  t’~ j o i u .  t m ,  37 ‘to)

I Pt u c C IL I u -H I d 1 t i - i  it ~ c

- ) i f f t - i - t - . - i  h l ,  t i l t - - i  ( u u t )  u k  - t i m -i ( u t m i ’  

GEM 9, i-i 251 5 . 7  I 7 . 2 —

GEM 9 , m t .  In  - 7 ;m
GEM 9 , (‘oIl.  1 - I —  ‘ .2  , 2 

-

G E M C) ( u - i l l .  2 - H’ — 
r 7 . 2

GE~ l 9 , (‘oI l .  2 ‘1 0 , 9  7 .
# 251 , tnt . P u  : ‘ 1.
# 251 , C..!! . I 23) 1. :u . H

~ 251 , (Toil . 2 30 0 
, 

:1 .
m t .  10° , (Tol l. 1 1 1  2 . 1 1 .
Tnt . 100 , C - i - i l l .  2 1-1 ~‘ . 1. 7
m t .  10 , (‘ oI l .  H ‘ 1 H 2 . 2 1.~-i
CoIl. 1, ( T o l l . 2 :-m 2 .1 (l~~7

________________  — --~~~~~~~~~~~ ~~~~—~~~~~~ -~~~- - - - -  

From this data s i -v t -  rot things can u s’ s ’ c - - i~ f l :

1. The coeffic tents f r on t  the 1 sol  i t t  h - in  r u g  t’ t - c  be f I t ’ m’ ‘~u- i t h I l t u ’  ( I- . \1 ‘t cuc-ffi—

cients than the 10° so l ut hu n s .

2. ‘I’lw effect  of at-I iT  m u ;: , IL- - I -v . t i - i  t m :  ii ( l ie  in ciii 1(5 mm I - u i  s-i lii i ion i - i  i ghul  c
degrades the comparisons w i th  ( I- HI -i .

3. The b u s t  agreement ‘,u - l i t  f l u ,  - H If - - i - t i l ~~ fro m l iii - 10 ° m m n o u n a  I h - s  tcmk cs
place when the U mat r ix  is i n - i u u c l .  H w i l l - u t ile’ • o l i t - i m -a t  ion s l u t i . ~~i .

4. The collocation solut i ons  mu - . r ’ - i .  I .  - u’ v. ith the’ ~ i- \I i t  cos ’ffic ient s than
do the coefficients found fr  ‘in the u u  a I u . . -o c m i i i ,  -in procedu ru - s

Sj~ibcrg (ibid) als . consick’ red l i t - i  - - i -  - a  i - t u I t ional effor t  in CO rio tYi~ nut these
compu tations. He found that 19 s - Is i f  - - t  -i n u p c u t i ’  r t ime c u - i - i - - i -  nu ’ ’deu l for  the
usual integra tion (or summation) or - i - . -  ‘ lu - i  i -  cc-b ile i’3 (i l se~conds were needt’cl for the
collocation 2 solution . :\ltji..u u~~!u Iii , u - -s ’-f ’ Ii ’je’nls Irumi the e - i u i l n c : u l  h u n  s o l u t i o n  m ay

~



~~~~~~~~—~~~~ - -- --~ - --— - -~~~~~~ -~~~~~ —~- - -- -- - -

l i t ’  m - m t L / , l - i i  i~ i c t  ( u -  t - m . , . u i  thu - -u -u- i mu u u m m t i o n  ( i c -  i i - t - t i t m ’ n t i n u t s  Inc ru -misc  in computational
ella ri cl-i -ic -s  0 t h  (um ~I it\ the u l S e  - ii  l u - m i s t  squ :i r - s  u - I  location for the estimation of
poteiH i t o  cr ,ii- II c i i i1I:- ~ fr a u  mu g~ - - H u t  s-i - i  - - i t  Hi ’a c i t \ -  anomalies . -; -

1. L 2  ~~~~~~~~~~~~~~~~~~~~~~~~ I . ~~ m ’ l c i n i u n i i i” s - i c - I hus ’Li a d ( ’ oUocation in Physical Geodu’s’v

\niulh - t - study writ - u - u - - i - i ntltui’Iu’d cu m— . -i - i t - i  - u ’ ~ ( I  H 7 -51n on the relationship between
l c - : m s t  s i t u - i O t a - s  t - . . l I ’ n - r i t i .  mm r i nd t b - i -  f t ( - i ’ r h m i m u u t a r  t he o ry .  The Rj erhan imar  theory
puut -u -tut t ’n-s m u i - - v t  t u f  l t m ’ t m t h - i - i t s  ~~t - m u c - l t \  m u m - -  ; . I i u - -~, ~~g , I t s - r i l e d on the surface of
11mm - U l e r h a u u u m m u  r s i u f t - i ’ t ’ u ’  t m - i i . .  is  i t -t N - r u t - - !  It - i m ill (he masses),  I ’hesc anomalies
a a -  relau’ ul ( i t  ( h- i - - i - ihm-o- r u - -- i - d  m u t t - i n s t  l i - i - s  ~ g ) through the Poisson integral. In
p r i n c i p a l  (lie ~ g ’ c ’ mi liu’s c m i i i  be f. . imumd  f t  on i  s t - l y i n g :

.
~~

g .\ ~~ m m~ (14)

u - y i n -  1 -u In i -t - ti. - utts of A ama - d u - t u ’ r u n i n -d ti - t u r n  I he elements - i f  the Poisson integral.
The s - i - iN t l - m t  u i f  1 1 1 )  h - 1 - i u - u i . I s  C u t - u  t h e  u i u m l s - i ’  .1 g i v en  anomalies and the number of
t m n ~ i~ia 1 u - i ’ s  I - i ,  I - i - i  I -  - t id . \ s ( i t t i m u  r C - - i  i t t t  I t  ui I t  • ( I - l u  for m m n t - i m a l y  prediction can be
w r i t t en  u s t t i m ~ l u - ; u _ ’ t i  ‘ t u m m u em - i -  - t i I l - i . .1 u n i t  

~~~~~~~
, , - d u t i e s :

~~ g -  C C p
i 

~~~g (15)

h i m -  i l u - p u -~~I;: - ‘ I  ‘
~ m u t t ! ( ‘  dep-i - i ?  u t  :u  - t p m i i i m i l  c- n v mi rj a f l c - frmnction , Sj~berg

then i S O i l  t i S ,— u - m u  i i .  i ’ m  s u ) J u  ti o t u u i f (ii / cvr ~ t i u m g  a gc-ne riil form as:

~~~ g i Q \ 1 
(,- \ m ? .- \ )  ~~g (16)

whe t -c - Q i m — a - .v ‘st~~h I u s t r i t r i x . P thu - nuuiib ci’ N u-if the ~~g* values approaches
i nf in i  t - i  

~ u ’~ sit - i - icc s I li m i t in lii is -mist’ thu ‘- - — N i i .  fl of (16) and the resultant pre—
du. - ti oii - i t t  ,, -\ \  m - i r ituuu ~ i lti-s It - i t: ,  h a - t r ig J i m  I s i t  ( a u  be wr i t t e n  as:

— 
~~~~ (T I 

~~~~g ( l 7~

whi m-u - I hi ’ ci ‘t u u t - t t i s  - l i - i  C nu n  t n  s a i s -  u- om~ uuited front:

\ ~~~~~ I~~ ( t ’ s 
~~ : j )  (15)

~ 
u-~ t i u u  

-

l i i  -i - lit - i - ~i ’  i t  u - - i - v-a I t t - i - s  u m n u q u t t ’ I i - -  :t~~5 , t t -  O t t .  t i  cc ith a min i  t i u u n  norm process of a
‘, u i t - i ’ : m l u  ‘uT ftp - i h u t - i u i t i ; i  i’ u i t ( ’ t h t . - i i ,  I I t t -se e ’ - . u . n -s  a re’ analogous to the anom al y

u - m u  r u r ’ r n - i ’s t - ~ of ( h i ’  i - i - r u s t ; t q u t m u u - -S (‘ u - i l i o c’~l t l nfl t ( ’e h f l h t 1Ue . Thus for each
3 d - i  - f  . l ( m i ’ ( - i ’  m i t t t t n ’c t i - u  m u  - i ’ l l .  ‘ - i -tu t u -ut S i - l O t  ot n  tht ’re is a coi ’nu’ sjsu nding m i n i m u m

- . u u 3 .~~i i i i  ( h i -  gene t m u l i i - i - . l  I u j - i  - rho mm:i r t i m - i - - i .  u~ 5I~ lg ’ rg, i h i d , p. 9).

~~p ’ h u - r ,.~ ( i ) u u t I ~ u- t i n t  u n u t - - -~ this duscu s:-  i - i n  f o r  m u numbe r of di ffe rent cases , such
fl i m u - i . i  I i ii:L t O t  I s - i  - i n  t i t i  - l t p ’  u - u n ,  u u u ; i  i’ 1 in - . . u ’c  , and ru n mif l rm i \ ’sis of a reflexive p vc—
u l i . t i . tu  l~~~. - i v t - s s  : . u J J g -mO d l ’ ~ I ( o - r h a t u ’ u m  u i  in 197 1. These studies showed tha t for

mm s i - i - i - -i - u !  u m i s c  -f  t - ‘ e 2n + 1 the -i - t n - i - C -pt - i - f r ef lex i ve  J )r ed ic tn )n  was less
S( ’f l s u l ic - i -  to -ho n ‘i ’ s  - - i i  I f s ’ -  i ’ m u u i i u  . 1  Us ’ i t - i  u -ha t u m o r  sp he re than cc i t s  collocation .

Il - i—
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In the second method stru c tu rim I di ffe rences between the g rim v i ta  ti ona I and
inertia l fields are used to sepa rate the two ( ‘uf e ’u ’t s . The d if fe  r(’nees show up in
the second and higher a rtie r gradients of the force fields . ‘I’hcrefore , addi tiona l
measu rements are necessary i n this case . Mt c i t  z (1 9G7 has s hocvn tha t  for an
airc raf t  with Inc rtia 1 stabilization the ’ second ule ci c r u t i  c m - s  -i - il  the fo tx -c f ie ld  (10 not
contain inert oil disturbances, in. th at  pu re iv gra c -i tat Oina I second — I )  rd t - i’ g i-r id ients
can be measu red. The :1 10 ’ u t -n d I - - ob tain (he gri t vita tionri I force veeto r h~- in—
tegrating along the fligh t path, It should Is ’ noted tha t , in contrast to (hi-  fi rst
method , a ri gorous Separ tt ton of g r a v i t a t i -m  rin d ine rtia is possible in this case ,
and that fro m a theoretical paint of v iew  th is  :uppr o:u-h is pre-fe ’ i~mbl e . The I ) t ’ r tC —
tical difficulties originate ’ III th e’ (Ii ’s ign u f  115 i-ru u i u e ’n t s  accu cit Lu ’ en omtgh to mrt l ~ ’
an appl ication feasible . Adc -:t  f lee-s  n I usE ru-u ru e- u t ui~o-u - !opment have bee n rapid
during the last ~-ea rs and a gra diu tn c ’t c r w i t h  an accuracy  of a fe cc- E otv- ius  mi i \
be available in the’ near futu re . ‘l’he tx - fo re- , the ’ c- ri  pri hl i  I t  h -s of an it i rhorne
gradiometer system cc-as studied i - i t -  Sc’Ii wr i u- i ( 197G ) in hi s r( ’J)o rt : ‘‘G e ode ti c -
Accuracies Obtainable from \-lea so ru- au nts of I” i i’st and Se~~ nd ( ) rde i- t d v  IL’m —
tional Graditents.

The accuracy study of i~ehwm i to ’, wr t s l~ ’ r h )  u’nied us ing  I he t ime -thou ] of least —

squares collocation. Tlx’r - we cc’ lb r e-- i- ’ r e ’:tsi rns ccl iv (h i t s  approac h was especially
suited for the proble m . I”irs t , it al lowed (he combina t ion  of heterogeneous
data in a consistent way.  This was vu- r y  impor t an t  because ’ geoiclal heights ,
gravity anomalies, ru -nd different  s - - o n d — o rder gradients we re used as measu ce-
ments . They must be evaluated in such ri cra y th at  the i r  ( ‘amman origin from the
same anomalous gra v i ty  field was pa rt of the sy stem. In h ’ast—squ a res collocation
this is achieved by desc rib ing the statistical struc tu re of the field by a covar ianee
function. Second , mean gravity values r u t  ground level must  be estimated using
point values on a profile in flying a l t i tu de  and additional i nformation on ground.
This involved inte rpolation between p r i ) f i l e s , downu-c-a rd continuation , ,mo n-ibj mia ti on
of d iffe rent quantities , and es t mn ia t i on  of mean values .  Al l  these steps could be
united in a single step procedu re in the’ cu dioc ilt ion method . ‘~h is was impos —

s ible when using the corresponding i ntegral formulas.  Third , different assump-
tions on the stru ctu re of the g rav i t y  field and on the accu racy of the measu rements
must be investiga ted. Agm i in this u -rn S - sI mp h ’ u- c ’i th the ’ collocat ion method beCaUSe
it only involved a change of the’ fundamenta l u - t o - r u  danc e ’  fu nction or of the er ror
variances.

A detailed analysis of interpolation , downward continuation and mean value
dete rm inations was given by Schwar-i,. The influence of me-asureing errors was
considered and the effects were discussed in connection with the s tab i l i t y  pro !)—
1cm. Finally, the contribution of OCCU rate satellite a l t imet er  to a combined
accelerometer—gradiometer system was take-n into account.

The results of his study showed tha t a system of this  k ind could sign if ican l lv
contribute to our knowledge of the anomalous gravi ty  fie ld if scconcl—orth ’r gra v-
itational gradients could he measu red with an ru -ecu racy of a few Eotvos .
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mtsd )  found that  the pi ’e- u l t c t i u n  u’ i - s u - m I  Is and the stability of the two methods
cc t u m Id he th u - sri t i m - i ’ if the eu > l lo - i,-n t t i o n pr - ucedii tx was app l ied wi th  half the depth to
t lmu ~ b it ’ rh~i~ to r i  t ’  •~phe’t’e u- sc -u t in I he ’ i’c’l ’k ’xivc pr ediction. This condition cc-as based
oni t -  -i a Lime  : t u l , t  s is • -f Oti( dt’g re’o vrc r i ix rmu -’c- mode l wi th  ‘additional analysis being
i a - u -i I t :

- \ t u t l c  s - s - i - i t  ,- \ i r b o rne ‘\ l u - n i s i t re’meiltS

l)r. ~ -i ’ttc c ru rz Was doing studie s (HI a ir i m rne and satellite measurements and
t hea ’ : u i .~ I ri - ri t io n for  u he ’tc r n m i n n u i i u > n  u ) f  mean anomalies . He prepared two reports
ai i ~l ( t i ( l  L ’ \ ( .  - f l M i  C i ’  (‘0 1 1 1 1 ) 0  I~~t i tuu ~- f o r  nu test  turd-ru . Lenny K rieg was assisting h im in
the’ c - i t  pa  l , u  (ions I- i  - i t ’  ( ho - t es t  ru t - - i - - u - In (Is’ following Schwarz ‘s work is summarized
h r t s i ’d on u s  I i ’u u inu  I r i n d i n f u r u t u r i  I r ( ’jx )rtS . Some’ pa i t s  of his reports are qetoted
hr in - u-c i t  h c u u -i m u - i  - i I : u  I ion fl i r t  rk s 

‘k’t u t  t -~ it r i u ’ i - i - s  )lj trt i nrihl u ’ fi’ u u n i  Measure uu’nts of First and Second
ide i’ rii c- ito t i - i  ~~~~i I ( r adh- nt s

I - . ~pu~- a ’ i  a ~-iiIs cc ith ui i’bo rn( - gr r i v i  me ters  have been performed over the last
1 7 i t t  u - u • I l -u gh t i me  -qi u p ut t -it t  -i h-s i gnc-d for this objective has a high degree

- - - i l t u ~ i i t - : .  tu tu , t he re-suit s ohtr i  it ied so f r u r  are not accura te enough for geodetic
P u - l u -i - i t - : , I he tx-as . u t  l i - - s  in the c-iimp l h - r u  t u t u  structure of the fo rce field acting

l~ i .1  5 : ‘  ~~ gi - . i u - - t  t~ -i -h  - r . ( n c-i r n - i - l u- rs u i-c basically accele rometers and they
t i l t  t I S t  i’( ’ ( h -  s u l t n i n l  of g r r i v i L i t i o n r u l  r ind ine rtial fo rces, If they are used as

C - . . : - - t i n t  r tu  t - t u t u , i t s  in must t -t ’ resti’ial applications, the only ine~~ial
t a  I t  i ,~ on I t s -  g r’r u c m inu ’t c- r ’ is the N n t r i f u gu l  fo rce . The refore , the output

of I is u i -i it  i t s - i t t  us (Is ’ u ’  Wi l ) j n ( - ( l  (‘ff( ’e’ t of gravitational attraction and centrifugal
i - . g - i - a v i t \  . ‘l ’h ie - s i l u z t t i u - n  is more complicated in a mov ing gravimeter.

i f .  ( ‘ n i - i l is 1- i - i  h i n t s  to I s’ L iken  in k - i  account and , more important , irregular
ri ce-el - i - n h - i - i n s  - f I -  i ; u i n -  cu- i l l  Si ixungly influenc e the’ result of the measurements .

i - i ~,j  t - , a I ~~ j u t  r u n t  fo i’t ’u -s r u - c t - - i ’sp - i- ci ’alI y strong in a moving airc raft and
tb r~ u s I i  a ic I i .  ‘ t i ~~i -i u ’  t o n i c  :—u- i - 1 ur u - t ’ : t  Lu the’ gravitational part from the inertial
pu t  ‘l i - u -  I s u r , L ,, r ; - v i i i u u - t c - r  i i u-asui’enu ’nt s only . There fore , additiona l information
u s ut- i  - an t - -ru  r - t - e~~t u’n u.’t the u, m-rmc -it , at i on al effect .

it t I ho -i t~ ~~ u - - i -  hu - - - i - n  p ropose’d to reach this goal. In the first one in for—
F r :  i b  ‘Ti ~ i i  l u  - u u e t s  i t ’ l m , ic - j oei r of the- d i f f e rent forces is used to separate

i i ,  a t -  ,i ud u - tu cl - a ug  : - i u - - u - -i ’ Iu ’ u - - r i t  ions h statistical filtering techniques. Meissi
(19 - u ) hits au - c -s i t~: u t e u i  th is  n ipproach using the theory of stochastic processes

u u i - t  i -i I t -  r u s s o  - i t p t mt - i lls on the power spectra of the’ fo rce fields involved. He
-i- i - i  t ides t h r i t  i t  is - i t - i t s I  ci i f f i cu lt  to sepa rate gravitation and inertia in the me—

r l t t i n i  I - , -~ - - i - n ., - u -  e u n g - i -  cc i t h  half  wavelength between 30 and 150 km. Th is is only
pusshltl -i - f - i t t  u~i lb  it infaruiiru tion an the two spectra is available which usually will
not lie • u -i - C r 1 - -, - . l iii - h i g h  f re’quenc j ( s  can hu e blacked by a low pass filte r, the
I - v- ic frequ e -n ea - ’- ca n be improved b~’ regularl y updating altitude and position. The
re in ru in i n g  errors w i l l , howeve r, be of a size which will not allow a usefti l geodetic

r u - i t t - i l  -i n u t ~~ ii of the f i l t ( ’  red data . The findings from a probabilistic error analysis
u-u- ia cc nih u - n i - u  I - i c  re - sui ts  obtained bt -- Szabo and A nthony (1971) in an analysis of
ru (u-ia t t t  uen i s t t  re ’rnents
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2 .2 S i t t i u I n i t i u n Stud ~~of A u u ’ i t - i - i u m -  u i t - u t - i t  - nuu’ t i’\

En his pee-ic-ions i’e’~t c - i r t —u - i- i u~- - i i ’t’ I ¶ 17 - . t u - ii - i ti t b - i  t i c -i t t  r n i u ’ c  - if ii i-h - -i t -u s ’
gr-i_idiornetrv and lie- d tx - w s cuut - i’ - i - -i - u i  tua  — u i : - - - . - n t  - i p 1  I i u u u  I p-i u a u t t  i n t  i~ y u  r a t
and (lain cumibinations . Ibs ;  t’ ’ J t .  u - ~ ! i ’t l i h i t i t - i f l  5l - ( i \  t u f \ j u - I , - i - i r ’ n u -
Gr adiom etu’c  ‘‘ supp l - t l u - i - n i - - -u ’ u - t ’ u - t ’ - - c  i - i - iu mn iuu v - i-t - -’ t~~r uli - i - iuis . ‘ ! ‘hmu ’ sc
s imul a t ion  studies h s p l r t u -  c i  I l u- i t 

- ‘  • - ui’ -i f inch iu - shirt I t - s~ t t -  t ’ l f l i - i  - u P  - - . -i t n t
and cu -ire ’ tlu_’re’f-i u u’ -i not i t s - u! !- - - - -i a - i - - i - u - u - i i l s  - - i f  tutu - c u - u - u i  i - rum- c : - t t t d u -  .
inten’st of ni si ; ttu - u i u t t i - i - t m  S t t t !u- -u u - i  i - i  - - u of opu ntl i . i u i ; t i  u- -i I l i / - i I u t - i r u  u~~i ui

op ti iiuit l p i ’r f ou’ u tu ane’u - .

in oi~1e - u’ i - i .  g c I s u m  i - i p - - m t t  r i  -l i - i ti~~- ~- i m t - i m . !fli- ( u- ’~ h- i - t u t i - i ~~l
iI’u-uI)ort~ttlt i rc blu nu ( u - i l l s -  ‘ u - t i  1: u-’. — - 

-i r - - ‘ i - ‘it iou u i - i l l  n t ~ - - i f  l: u r~j r u n t ~~i ;  ui u—i - - i t

clatra . ‘l’hc pi x - i 1 - i i - is- - - 1 m it - - r m s u - t l ’l’ a’ u - u \ - i_ - P  i i ~. i 1 i u u - t ’  n i h - i - i t u t- P - i l  u l s u - i - u - i u i - i - i u i s  
~
,-i I ’

profile ’ and degu ’ - i -e - . In ur n 1 - i P   - n .P~’ : u r e ’ r u  cu- t b  - i i ’ t - i fi - i s  s ’ u t - i - i - - i  - - i i  a

10 ccc have to I t - t - t u t  I uP ) 001 1 u t - i  I t - ’ -i - t i - i  u a , I u ’ tm- r i ti p ~u i t  v vs l u - i  -s -i - i -

x 10 ccc h u t v c -  (u-u u-use 20’ t-u I - i V  i - -p-u  -i ’m - u - i - u i - - i c -  nuu min i’ -f t i n  rtnut u - u n - i - i i I ~~
cviii t r ip uc - . It \Vr in u-t ho u -u - n Pu - ~- - i u u- . u I - 1 7  t i - u- t j ~~’ ui uuuu i - ’ u - i~f - i - i I - i s - i - u’ -, - a t  lout s

can be’ reduce-il \u- i I.h tni t S i g t ii fit - st - - i - u i :  u : t u ’  - 1 1 u  : 0 - - i  n u - u ~~- u -  - I tim - i- t i - i-u . F- r’

ren oje ’ rrttiuunril j t - - i - i pr ru oi, li - i cc - u - c - u , i u ~ u i-c I . .  u t s - i -  - i l l  i u i f - i t r ’ u u t n u l i - i i n  u - n i t

~tblc . Nu . t t  i- u - u tu tu - u i - l i  to nc- u - -i n - i- -u- rut v - u - i u - ru - i - t i  i t  1 -i mutt u - - i i t  Its tu t u _ I - - i - u
_

-i - I hit - il - i -.
‘l’helc’fore , ~‘t e-) iu -u - :u u - z inc u - irp ou’ u u u_ -i -d l I t  c t - i - u - u - I - i - i  nt~ jut l it - i - i t l- -i -iu,~t’u uu l u.

‘I’he siu ’uu u -t ia ti u n st utdi - i- s rd - - i -i - -i- _ c u l t ’ .’ s b -- icc - i- il li ~ - t I - i - r u n t  - ( ~ i u : - i

collocation u ffe - u-—s u - in rt d c- i u i tt u P - rn ~- I t -i -  i i  ~ l u :t- u’S c - it u- m - i uulnt l h - s  f t  - u nil r—

bo rne’ grad iome-te r im-nu -~ m u u - - i -ui t- - uut :- - 
~i !- i - i u - - c-th u - i tx is u-ui u nple- tic t t i i - i - i ’ i t - - i I l u -

and nmll - i tw s I - i - i hni n d li- is r’gn’ a t u i t n u u t ’ n 1 - t n t - _  u -u - l i i  u - -i -p’t u l t u  t ’ i ’ t l u - t  i r e - u i - i - u P s  - ui c ’ui’c -
stragi’ and sm a l l  d - u u u r u - n t 1 ~ - i - in c- i -n u p u  u - i t’ - - t u t  - 

-

h i t ’  d e v u n i f  i - i - in:- - . f  the ( ‘ S t u  i t t  - i t t  u-~ - - u - t i c  - - i -  S i t u  l ie - s  f - i  - i t  l i - i. - i t - I r u - u - i  -

v r u l u m -s  •u y ’ ree ’d u - c m - l i u-u - - t I l t  I t  - I  - ‘ i i  u - 5  - i f - i t s  Inc ci l i- -i u n c - u u ’i x  -np  -o i l ing  t u e - c - u  me’
studje-is ~S e - h c u - u u u ’ -’. 19 P t .  I I s h t t u l - i  -i - - - - - u ~ - i i , h u-c ’c ’ u - - e ’ r ’ , (lis t -u r r ’e ] a t ed  i - r i - - i i i ’ s
in the ii icasut- - i - u u u e - n t u - -- ,‘, m U st u - - i -n - i_ P u -  ~0 r ’ . -i t - - i  t is-  :u eeu r ’ tu c - v  - i - i f  (h e in -s u - t i t s . -\

sec’ond—or ck- r \lr u i-Ia -ic S t - i  I U & uu - u- - - i t t -  cI t- i - , 5 ( ’S u - \ ; t  i’s to ti t u uu lu - - 1 (he i-u
_

i
_ i -i I’ ~~i’- i t —

cess u -u - long the p r o f u l  - -s . H - - i - i  i i - ’ - ‘tp - i r P- - -u- i :- - - if t in -  u -c m - tnt t i - i  -in s a tiet I t t
variance-i of the p SS , 1u t i f i  t i l t  TO - i t ;  T - - u I ’ eu u S  u - u - i - i t t  I u i  u m e - i t i  - I h u t  it - i - i  - i t i t l e ’  r u n
compare d I I )  t b - i -  u n e ’ o u - r e - I r u  I - P  i •ro- ; - i - . ,~~: i i ; ! - -  i Iu -  , : i i u i ; m s  in  ft: . t r t t a  \~- u u i ! - ’ s u p  n i t -
the aecurrtc-v of the’ results t -tt ut - n j~h ’t - : it t I t

The s imulat ion i - i f ’  g ravii m ie’ t i - i - i - i ;’ ’ u t t u t P u - ut I u’ ~-iu ii a point mass mode-i cct us

considered in the spectra l d o n t : u i n  r i n d  - i -  - u n - I u s i . u m ~ u - V ( - t ’ ( ’ (l u’awfl w i t h  re spect I - i - i
the resulting f ie lds .  In •u .’u l u - r  IA)  t ’ - i j - t C ’ - i t t  t~~ p i i n i t r lu -  t ’u - i t , & T i ) u t r l i  u - n l r i r u t i - i ) n s  of the
gravity field as u-veil as the local - t i c i - i _ u  r of th ( -i second—orde r gradie-nts (h i ’
mcdiui m and the high fre-qu c-inc v pa ci - i f t b  s t - i - i -  - t en i i i  mi t  st l u - i  - tu oth- iIe d cqua 11
well. This can - inj~ he nt c h ie -vc - P  I pu- t i :  m u - i a  ~- i ’ c  u - - i t t - t i  -i u i u ’t m - s  - i - it’ un’ne - r n t t  j f l i~ 1110 s ‘ 0 5  r u t
d iffe rent depths. ~—t - i - hw nu  u —i u’ u~ I -i -i i - i- u i I ~r i I i i  u t , t  nc -i ru  s- a a i t  - I t - I  u- 1111 lu - c - . -i thu i t ’s
may airend he- suffh- ic-in !.



- - - —

I sit ip t h e ’ c - i - s t - U s  c - i f  h -i - u i - i - u - - ’  ~ t i t r h u - n , ~~- h u c ; u m ’ ; ’ - i ’  u t - p - u i - i - P  t u c k - S n  gi’nivttu-

n t i u u u i i u n u h i e ’ s  f m ’ -i uiii , -i~i - t i u h i o i u u - ’ h - u ’ m u d  t I l l  t i e - i  i - i  d a t n u  f- in ’ the ~i ’b - i t t u ’d  test arc-ia which - 
-

cu-- n m a  2~ in ( : m i t t t l i t -  u - j~~ i -~-, i t  i i i  I c - i t t - - u t - - i - i . h i - i  l’ i S e i l t h  of these extensive corn —
i ilt ;i ti - u -  u-u - - h l  u — u -  t h - i -  c s u  i’- i - S i , t u - i i t t t , . ~ -i - o u t p u t - i -  ~ur ogr u -t i1is u - c - c - i — u -  corim inunicatec i
t( \ u - c  -

- - t’/  s i n - i c  d i d  ~~H i i  - • ‘ mm ti p i : i t  t i n  -i I f  s;t  ~~h I lii’ (it’ t ’ i u - - i - d  hu -m rmonic co-
t - I t t - - i - i  - u t -  - r - i i u - i i  I t m i n i  I ~~- r :m ‘r u ,  i t t - i t  : 1  u’s b~ hi-r ust — n us ru-s collocation.
The ’ - - i - s i l t s  u-v - re ,‘ . nm nttut ee’ jh- - I — m e t .  • u ’ u u a u i l u -  1 - -  -\ f ’ ( L .

lit - it - ,-i —t - u t  - -i _ u i  u - i -  I i n c h ’ . i !t i _ _ 
-

I f l i u ’n t i p m i t t’ - - i - m s - i - i - il - i f  lb e ’ui,t t u ’,u - t  ‘ i i  i . , Ii l l e - i t , - iI\ t ’c- n e;u t ’ u -l i development linus
1 u e b t ’ i t  - 1 : - i  - i  t u e  i t  - anti l u - u - u - u n  - f s t a t  - - h i m  - i >  in . u - - i - I  l i t - i  - ~t t - i - i~I - i t t g  daLi for use in the cc —

c - i - c-e u- - i - ~ i- i  iii g u -; u v e l u -  - i u t - i - i t t u - i l i t - t - -  i t  u - i ; -  c i t -  u - h i ’  e a r t h . l’his work is de—
Su - i j i ’ -  h i c  (li t - -i - - i - u’ - I - i i t - l a  c u - l t t - t i  u~ - i i i  P u -  . l i a , e - u - t u — s m ’( t it u -he follow ing.

(‘ u - i - i - u t - c- -i t m ’ u ’poi ’t iii cii is :1 t ’ i - : u a t & t - i  t ’ mit - c • - i m t I  m ’nuet ~u - nti-u - that of Rummel , Haje la ,
i n - i l  n m- i d -i I : -  - i - i 1 .  i ’h u - - c - i - t i c  u~ f i t - s t  - i - s t t n - m u - - i !  the ’ t heory where one sa~~l1ite is

I i’; m~’ t - t t  P -  i S u - O n  t S t m e ’ i u  u - t e a m ru  -i t iS i - cr1 1 - i -  I t - T u - u - - u - - t i  a relay sa te -lUte  (such as ,-‘u- ’l’S -- Pu-
u - : e  -~~~~~

- 
~ - mt -h i t - i  - a - i a - I c  c t  I P - - i  ~ u -i e - o l d  - i - i -  ( l i - lu -c u l l  m ed. Th is ~~nge rate data

- i - r ita t uia tuned I t  cu -ut-  c m u u u i s -  ( l et- i t u t u - -i -I a u g h t  r e v - u - t b -  i~u - ( ion hetwc-e ’n the relay and the
c - I - i - i t - u i- — - i : i u - c - h h i u - i -  ~1 m i i c ; t i t - i - i - t •  - i l  - i u u - t t -t - -i ’t i t  am - - ;m e t t ’ m e . --i u - u - u - -r e consi de red to relate this
I inc - i  f i-u- i - t - I i t  i t - -i - - i  1 -i P i - i - i n  l i t  u - n m  p a t - t i m -n t  — i f  u - h e  disturbing pote’ntial . For one

- ~~ c t  u t ~ tJm ~ i - - i I j - i .u- c t t t -~ l u - r u  : 1  - - - l i r e  ‘u - i t - i l l  -i - t u  h u m  so lut ion u-cat s suggc-ist -icl :

~ I I L ( u -~ ~~~~ r 
- - L u~ -i I I v - i - - S  ~ ) i i 19)

u - v l t e - i e - i- : L~ u-u- m u ’  ( lie - I u i ’ e ’ u i  u - c ’ I - i  P m n - i- i n st Ic
- i_~ is I ts -  e’c - i u - a  i - i n tl -i - h-i Isu - - i -n t hu-  r unus tienil y i c i n g  pr cslic-tecl and the ru-i —

u t eri I p i - ; u v i t - u -  u i i u - u - t u m t ’ h a r m c - - i -  r u t  t hu - u -- los e ’ s n i t ( - h l i t ( ’  observation point j;
- 

- i t ;  I I - i a  - r u n t  - - - - i : r u u l i  u i - - i  - t or i  t u ~i S I -iu tu-u- t’c’ii (iii ’ radial gu ~i v ity dis~~ i’--- 
P . : t u - ’ m ’ n m e p - i - i , l c i  t I n ;

I I  - s l I e - i  - u i - i - i l  c t - u - -  i i  i : u  i l - i
-i 

u - u  t hu  u x - c - u - e - i l u t n i i  l i t - - i’ c i  .— - icgtel ui t - m-lcra t -iii w i t h  m ’ c ’i-u-p iav’ t to a re fe r—
t t t  f i e - i I d  I i  - u-u - hi - -h 

~ 
p cc il l Pm - u-’cfc u’m -cei ;

i n-u- (h-a ; u n g h -  l u u i a - i_ - - i -n l I t - i ’ I t iec ’ - i - i t  s ight ; - i ’e - i - l c ’r at ion at the close
,n r u - t l e i - i -  auid the - Pure -u-I i - rn of the- radial g r a v i ty  dislet rbance .

I .- i l  ( u - i  e u  I l l  i t--u - - - i i  a i - i h u - ’-i ux i l i t r e  I c - i - m u -  :11 lit - i ; . iu s - Ihnm t unhi the radial component of the
p i t - i c  e u -  - 1i st cu c’ti ,u u s - -i - u t  P- i - i m p - -i -u t - u - t i l t  - u c - t I .

‘Flu - nc -- i-ri SIt - l u u - u - ti n a u — : - i - r u i -s - i - i f nu unu- t ’ mc ’ntl siuiu eila tiun studies designed to test
(‘-i t u - u,utt. - i t c (19). to al - i -i tit u s - i - i i ’ l . i l a -  u - c u - r u - i  p - u i - i  i u - m l e d  ( e t s ing  (leod yne-i ) in a reference
f i e l d  i _ t m - i t i i i  i i  h t p h - , - u i - p - r i - i -  f m i - i l - i n l  i s p , . , P h i tx- f lu - c t  reali ty . Residuals were
fnemot ’d r u n i l  i - i ’- i - ~I t - i - t  - i - ins u simu g (19; cc - i - I ’m - t -uu i ’rie ii out usin g covariances obtained
f r - - nm ( I t \  ,-\ ,\ u I ’  - - i - u i - i -  i - a u - u p ,  1975). l > e ’m- - iI e -  it - ins u-c ire ina k-i for 100 and 5

0 equal
n u t - . ; u ~t t t i  t e r m  I u - c u - ;  u - u - j i l t  u t j f f u - r c ’n t  u l n u t n i  1 - i - i - i j~~t inte-i’v n uls ru -nd diffe rent values for the
e l i ’i i u ’nl s  - >1 the I )  t u u n u t  u - i s .  In t h i n  u -vurt  it wnms t-stimatcd tha t with the geometry
of l h m  - - : u - , - \  ‘I’S - ( s n u t c  i t t - i ’  i t  ( u - i n t l  ion , i t ) ’ tt  ut tua l  k-s could be recovered to an
;ua lu m’ a u - u -  (s u i .  - i f  u t l t - i - i u t t  4-1 u i u c _ u u e l s  c u d  P r t u m - i - u T i n i h i c s  to an accuracy (s.d . )  of about
t h l  t i e g i k .

- 2 1) 
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Additiona l te sts indicated that the’ resu l ts u - vu- u - i ’  ( IU i te ’ n -ns i l i -i,- i i -  I A)  (‘ ru ’ou ’R in thi-
initial orbital elements and the values  of the elements in the I) ma t r ix .

it was clear , howeve r , that the suggested irocedu ru did work in ni cu - i too l a -

tion mode and list t it would ix’ worth wh i le ’  to pru t et -e-e ’d to th e’ r mn et ly si s  of t x - n i l  ditto .
Such an analysis is dose ribed in the nt-port of Ilaje’la (1977).

In the research carried out by hl aj eJ it ( ih i d)  actual (a-os —3 , ATS — 6 nt ng -

rate data provided by NASA u-c-- u - us analyzed. The (lata supplied was in the -‘~‘I ’SI(
format and was reforniatte d for e-ntry into the- ( ;eodyn ~ rogru -tn 1. I-’iv e  i~~~ s~~s of
Geos—3 in the area , :  15° to 300

, and A : 27-5° to 295° We’re S( ’lt-icted for pro-
cessing using initial state vectors supp l i e d , j i m pa rt , by NA SA. A fte r the best
set of initial state vectors su-ere found (with the ’ data ni v r l i l ah le )  the range ra te’
residuals were fitte d to, and filtc re’d by using lirceise continuous cubic splint- s
to fit the range— ra t e data in the least squares sense . l iaje l a  ( ih i d )  foetnd thu -It the ’
optimum spacing of the nodes cvhe cc th e- adjacent  cubic spl inc-s met was u - -c u - r u -  60
seconds in fitt i ng range — rate observations at 10 second inte rvals . A fter the-
spl ine fit was made , the residual accel era t ions  ( R )  are found by the (l iff e rc f l t i—
ation of the spl int’ function. I t - s ing  this proct-ss a smoothe d set of acce ’lt-rni t i - i - i n s
were obta inc-cl for pa rts of the five ’  passes u- f ( ;e - iu s—3 ru e ross the- area of inte ’ cc -st.

Hajcla (ibid) used this da ta t im mx ’eoc cc l ight 5° equal n m re-a an t - m i n i ies . in
- ‘ doing this recovery a numbe r of d iff - rer . var iabk- s  wer e ’ considered including

the spacing of the nodes in the- sp i inc f i t t ing,  various nLce’urn lcy  es t imates for use
in the D matrix of equation (19),  use- tu f  vs r ious  u - i re’ c mhi nations , and cons lu -Ic ’ r—
ation u) f initial epoch ye-c tar en- i i  - rs .

The recovered anonial ic’s we-re-  c - i ) nh l ) n t  i-c d Lu groun(l truth data available- fro m
ter restrial sou rces . The ru-i) !, mean squa re P b-a - r( ’panev he’twe ’e’n the recovere d
anomalies and the groctnid tru th value-s  u - u - as  t a ni gni ls  wh i l e  the ’ ave- rage’ h)t ’tdi ( ’k ’(l
standard deviation was 12 mgals. it u - vt - is felt  that the-sc results were quite ’
satisfactory and that the I)ropi}su- (l mt -thud u -vnms u-u work a ble- technique for grav i ty
anomaly recove ry .

After the above~ study it became clear tha t improved modeling could be done’
for the anomaly recovery. In addi t ion it flu tit h e r of qu -stions re ’rnained unanswered
concerning the estimation process. The rita in problem in the ’ modelling area was
in relating the line of sight accelerations to the- su rface gravi ty  anomalies . In the
previous reports variou s techniques for u-valuating the euovarianc es u--i-i-c rc desc ribed.
However the application was not as (l i re-ct u - is one’ might want. To improve the- sit-
uation Rummel and Rapp (1977) outlined the equations needed to work directl y with
line of sight accelerations instc-iacl of radial gravity distu rbances. liajela (197~ ) i m-
ple mented these equations and carri e-u I out new tests with real world data from the
ATS—6 , Geos-3 satellites.

In this most recent study Hajela (ibid) e~~ mined a numbe r of different topics.
0-ne case considered was the removal of a linea r trend itt the residual accelerations
caused by errors in the initial state ve-cto rs. This was attempted by introducing a
systematic part (AX)  to the-i original collocat ion model. Sample solutions w~’rc mrid( ’

—2 1—
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n-- i ) 1 V i n i~ fu - ’ a I i ou -n u n  tr en( 1. ilovc’t- ver l i n t  j u - l i m  ( i b i d )  found that a considerable
p-i ’) i -- n ut the a ig u n i l  was n i l  a t  i ’ ’ iimovi ’d fru)in the- residuals. Thus this technique

u -vu - us n - - u - c u t - a - P  fu,i r t h - r .

)~a also t o t tke d  at thu- u--u rrelation be tween the’ predicted anomalies from

the- c i i  I t - i - i  - a t m - i - i t t  at • lot ion us ing the’ Pa (a fro m the previo us solution. He first made
IA at  a fu i t ’ the r’-i -c - - i - v - i’ u -v of the’ 5° equa l  are-nm anomalies. He found for the eight
a I i  n u n -  ‘i l l  n u m o  -i ! ) t - t - t l  ic’s I he larg’es t en rre lation coefficient was —0. 09 indicating neg—
t i g ibk - i  ‘u ’c ’e’ tu -lt i (-in . \ second test was m ade for the recove ry of 2 . °5 anomalies.
The large-st cor r e la t ion  found for a 30 sec ond data interval was 0. 1 which inc reased
i 0. :t u-c-hen a 4 minut e-  inte rval was used. The biggest change (from the 50 solu—

ti -t ) w a s  an inc- rea M -- in the’ standard deviation from ~ 10 mgals for the 5° anom —
u - i l i c - s  to I ~ rnga is fo t~ the 2 . ° 5 anomalies.

I - cc _ it II  PU r~ OS~ of the’ l-laj ela (1978) report was the imp lementation of the
lin t ’ I sig ht- acceleration method . Haj ela gives the specific equations for the
t’ i gcti ’- i ) US i niple-uiie’ntation of this method. He then uses this method with real data

based -n ni 1- imov ed satell i te ’ orbits. Da ta from a number of arc s was provided to
us by J i m  ~u-.1 nu rsh f rom NASA. Ilu -ij ela used the new technique for 50 anomaly r e—
cu - cve ’ t ’ . i’i~ c’c ovi - red anomalies ineigh t blocks were compa red to corresponding
IA’ri- -’~t ~n n i i an o m a l i e s  and anomalies recentl y derived fro m Geos—3 altimeter data .

Tli-i. root mean square diff e rence between the SST derived anomaly and the al t imeter
dc- ri ~‘ed anomaly  was I- 7 mgals with an estimated standa rd deviation of each SST
u-u-no ui i a ly being approx imately 6 mgals.

Fhese new t -sts indicate ’ thu-i t the- i propose-P method is a valid technique for
an t )n - n u l v  r t - i v t w t - r y  from SST data . \Vu-’ now need more such data for furthe r testing
of the method.

1 . ( - .t -rn ’--e ’ -cgCuCc ProI) lems

-S 1~~tu -~ the general feeling that the- convergence of the spherical harmonic
expansions to finit e - degree , on the surface of the earth , is not a problem , we have

carried out several studies to improve our unde rstand ing of the problem.

One such study , Rapp ( 1977b) , described and tested a method for comput ing
gravit y anomalies ne t the su rface of the earth from spherical harmonic expansion
in such a way f lS  to avoid convergence questions. The method is simple ,being
has i c ’n i l f t  it t u -u - — -i St (’}) p rocess. The first  step takes the spherical harmonic ex-
pansion of the distu rbing potential and then evaluate s it at points , or in compoart—
ments , on a sp h - r e  that surro und s the ’ mass of the earth . (The mass of the atmos-
phe ri - - - i n s  t in t  -onside ’r cd in these computations.)  The anomalies are then down-
wa r d ~~- i n t i ~i uu t ’ d  to th e surface of the earth using least squares collocation techniques.
To l e s t  this ide-ia , 5° anomalies were used with their value computed at the surface
of the -ia rth in two ways. I-i’irst the anomalies were computed on the bounding
sphu ’ re’. A downward continuation correction was appli ed to obtain a sur ~~ce ano maly
tha i Was cou -uip a red to the terrestrial dat a where a mean square difference of 91 mgal 2

--
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was found . Then (lie’ lx)t l ’ntia l - t - i - i - t f , t ’ i u- t u t  n u u m - i - i u u t n u l i c - s  W e - r e  c’ - i u i i i p u - i t ’uI  - i I u n  - i - f l u -  c u t
the surf u -me e- w h - n u ,- a me nu - n squin t o’ di ITt ’ u~t - uc - i- - i - - - if tOP u t u g n u l  cu- us tiut t ut u l . l i i  I c  -
case the- thc-oret ica ll~ m - i u r - u - - i  r r u’ t ’  t j - i r - i -i - - i c c  ‘- i -  c’~n i V u ’  ( h i -  l a - t i e r  Ii .

The concept u f  the encios iup~ c-p - i hu ‘ u - - t i t  ,uu ~ - itt tnt I i ou - u n i l  a- - p t~ c l u - i i ’ s  a i - - i - i n  -i ‘ i -  - n t
formulation of the- prob le m t u f  - -i c c )  c c l  n c - i n, - i l - i - i l l  m u  t ’u ( ’f f i u ’  i ol a  f c c - i t o  s it  u ’ f : t - i  - ‘ c t v
its ’ anomalies. This pro ce-det u- -i i ‘ n t u i  - i t ’  u - u - i- u - c-a nte-P in tlu 1’o i I u w i m c ~t- f - i - i i ’ u u c

( - u u- - ,,~ i - i ,

u-vhere: (I~ is the n i g i - i m ou s  p- i l - i  i l l  i i  t - - i - i  • H i - i - n t ;
is tl’iv a1)~) u - — u i x i t ) i n u c c  u - - i  u - c u - t -~ t ‘ - i -i ¶ l c t ’ c - i - n l .  k’ i ’ iu - ’c’ f l  f r - i - i n c  t h u  - t a c t - I  su uut—
uiuu - L ti uii ft ruiicu Ia nc c c j  ul i i  - - i t  ‘ - ~ -i c - i  t ree’ ( c — u i  n i t i t u n i n u  - l a b

~~~ is ~t e’ t t u - r e ’c ’ t h u n  u - h- 1 - i - i  u t - ut-ttu - - ic l~t t’ t’nu -elius c u t  t i me-  i - i - i c u i c i i u ; , -, - — u - l i t  i t - ,

nit-an ea rth r u - u - u - l i  et ‘-~~, ~~ ‘ - - i n i l  ru -u P itt a u- i uP t in ( ‘ ,, - c I - - -s

~~
(‘t is a correct ion ( c - m i n i  c’ ’ t i c ~ t c ’ - i ’ P  IA n e p p l v i n g  t he  usual  ‘- n c t i u u u c c n u t i u u i

f o r m u l a  Let the u l o c - n i  c ’t - ‘ - i - i c c n i l nu i - i  ‘ i t  c - i t  r u - i - u P  i - i - i t t  IA-  u - n i .

Studies were made u - i f  the m agu i i t u - u t l c ’  L~ I ‘ m d  ~ 
- 

-i u c- x j - i u i  ‘a -a -P u - i a u - i - i i i  - -

of the expecte-d mag-n i tud t- s  t - if ti n I - - i n - i l  c-i - ~ i c  i t -u t s . p tu  deg rc- i I l I c t -  t t - t n u l
correction was less th u -un 2 .  t h - u-~t t - t -  u - i ;  t h u - - i  tu t u - t i  c - - i - i  I ’ re’c’  t i - i - i n  hail rvnuc _’ iti- u i 7
These fi g’urc’s indk’ n t t e - i d  the’ e’o r N c ’ u- - c i a  ~ - c - - i t ~a u - u - i ’  s m a l l  ant i  uuc ’c ~I c;  Ph  u-’ t i c  l i t - i  -

current data accu racy. A d ( l t t i - i - i n n u t  c c ’  i ’ - I n t - n u t  i - i  - ir i s t i - i  h i g h - i - c  u h - t ~ u - t i - i  - t a - - i  i l - i  -
using 1° x 10 ant )malies .

A completely different vi -w i - f  c I t  . a ~t u -~ u l i l c -m cvas taken by Sjuibcrg ( 1977a ) .
In the first part of his study SI~ he- ‘ tn  - n c  ‘ u - n - i - l i - u i  u - i s i mp le example- ( - i t  show t h u - i t
the spherical harnionic e-xpans i - i - i n  1 I c - i  -i - n !  u ll u ’s g r - n t v i t n i t i i - i n u - t l  pu te ’nt i n t l  is d iv i ’r ’—
gent at the surface- of ~h t -  ea rth . ‘II ’ -  u ’ ’ - c t ae’uI IA e ’ v n i l u - u n u l i n g  u -u d i c i n g - i - n t
series but includi ng onl y a finite- nu n u- is -u’ - i i ?  P - u - i n s  cc - u - is  c- ions h-k- red in It  c’uis u - i f  u - u n
analytic continuation u- c u-- re) r and a t ru m t i c-a ¶ - - n -i - i’ror . The- i i a - i  ret- into ge’ - i ’r i ’i r in t hu--
disturbing potential at degree- 60 c -i ui Id u - -i ‘n uc h 2O ’~~ whe n u - u - I l  I mprnpt ’r downcc ’nu u--P
continuation procedu ne’ was appl k-P I - i I aj  th e t ’ t - cc i th a 

~ 
P nt mu -u - ss P c u - u ( u - - u i  u - c t  a

height of 20 km above the sphet -c- .

Sj~ berg (ibid ) extended his  s p u - ’ c c n c l  - i - n i t - - n c ’  to that  of thu - i re-u - il  -u - t rth c - i - i n t n u - i n i n g
topography. He compu ted e rrors in 

~~
‘-~~

- 

~
,- - i t en t i a l  cause-P 1 w nc’gh- -ting t u p n gr u -up h v

and compared his results t-i pr ey  c u - - e t a  u ’e t -a t t t s  fou nd bc- t, ’ t t ~k u-int l Leu -’nutl tcia. Sp e ’e ’ i fcu’
equations for computing c-u t - r e - i t t -i - in s I A ’  t i l t  - Pu t -  t • (hu e- tuu ~iugrap hv cc-c- cc- ule - i r a-it-id and
applied for a spherical harmonic expansion of the dis tu rbing- j ) ok ’f l t l u - 11 and the- grav-
ity anomaly. These equations u-c -re- u - i j  t 1 - t i t  ‘P ti ol)tu-u- in global e- r ro r estimate’s and to
obtain specific errot’ e ’st im at -s  using t~~ \ 5° u u c e u - t n  e-i ( ’vu -u t ions . E rrors on (he- iur th ’u -
of ± 1 meter were found for geoid undu l a t iuns  and tip to 70 mgais for the-i anot oal ie ’s .
This large anomaly erro r is unrealistic s - i t  that there’ is some concern on the cor-
rectness of some of the equations o t’ u - l u - u  tnt u i ae ’ ( I  I ) Sj(;herg ( ih i d ~. It mu-t v be th u - u - I
smaller blocks (say 1 ° x j C a re ne _ u ‘de’d tu -i aPi -i ~ua t eiy rep cu- se-n t thu - I ru e a it u u - u - t  it -in -
Thus additiona l wo rk is eu -t i led  f u - i c~ i n this i-eu -u- .

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - -- -~~~~~~~~~--~~~~~~~~~~~~~~~~
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- - i  . I t )  I ie m - ‘u i-e u - i s  of R - s e - i n u  ccli

‘u s  -ia I t a t ’ -i ’ t - i u - u t u i l t u c t u t u -  i i i )  ‘ i ’ i ’ ;- , I t i c  - i ’ c - ; l u i n n i t i n g  ; o - c t m u ’ n i u - i t - S  u t f  g r a v i i t i u - t  i - c c -

- - - m u i ) c  lit- s -~~ u- i l - i - i  - i’~u- ( I  -i 7 ) - i  u-u - i tt a uP I t i m - i ’  - - i n c  u - u - - i  - i i i  of the u - u t - c -  U u-~ t c ’  i c-s  of the-
e’ - i u t m u i t u - m u - ; u I  - i - u - t  - i - i t  u - l u - i  - Ii tI t ’c - t t - i - i iu- - i - i f  t i n ’  c u - i t i e - n i l .  In th i s  t c - c t i t ’ uiiu-it ion Sjobe’rg ( ih id )
c- i  t i c - - c-  -i i t  - I u - I t t - i t  u - I c - i ’ t lu - l i - ‘ c - t i  u - i c  - u -u - - t u r I d  i n -  - c ch ’ d  in th ree components: I ) a

- - i t t t ’ i I ~~ i t t n t  I’m - -i t~~ u - c a- i - i - i t  p - i t - i - u - - i l  u t - u i  c - i - i  I li t - cu t il a ; 2 ) u - i e -n n t n ibu t i on  fr ot it 1 ° x 1 0

- - i i i -  -i t aa i c c - a  c t :tn a c, c - - t m c-i n u i t i  n t ~ t- I I ~~- ‘c-i u c  p c c ; t u - u t~ n u e t f l i  ; nu n ( i  :t ) u -u contribution
f rt ii - i -i l - i - m i  u i -tI • I :i t n ii li ii - m i i i  c t c c - t i c n  i - i -  c t - i - a c ) ’- - - i t the’ ent )uu )i )utneti-iun 15) J f i t , Sin e-u-- I—- i - i —-

e - i ’ u - h u j  t ’ , e ’ f f m t ’ c i u t  - u - t m - - i s i ~~t u - c t m  I - i - i  c ti l t - - i c c - I c  i t t w  u -Ic -gre y it c u - u - cs u - u - l a - i - i ne’eess u-u-iu-
I - i - i c ’t - i u)a - I - i-i’ :c t i - u - t n  c u - l u - - i- t i  - i t  V - i - i ’ . - \ i  ~~~~-i , t i c - i -  u- t M - i ’  t~~ i~~ .x 1° u-inc ,imi alies im iulie -s that
- , i  i i  ~p t - l n ’ z ’  I c c i ,  i t  i h -  u- tiib i’ t i i c u -  - i t t  u-u- c u - i  u - - i c - I-ia-c t in the suilu t iut n So thu -ct this
— - I t t ’ i -  ( t iui is t  I •

I t O -  ( ‘ , t ( ’ i t  P ! c  c -t ’ft’t Is t~~~’ t -i - i uit t i u- P u tu n— - , 5julx’i’ (ih id) de- t—ivc’d appi’- i - i x —
L ’j ’ f iO ’  i ’ -i u- , t u -  - - i - t i , - - (it - n i c u - c i  i -c l  the n-u -- i -  t - t l t t u - u - t l o f l s  w i th  the’ ( ;I - ; ,\ l 7 potential cc - —

c - li e - i - i  u - u -IS , t i i i i  c \ u - ,— - i l  u - t i n - t -  I~ N l ’~ t i - i - a n  u - u n n c t l n c  I c  i n f u i rmu - i t i on .  Specific accuracy
ca l l  a c t - - i  u - c ’ s  u i - i  u - - i - i  t I c - i - : - i ’ c - i ) t t s  u - .  M i - i d  t’ ~’ i -s u - v t - c c ’  in aPt  for  fou r points  having
u - c t t t - i - i U’- a - i  c u c u - cc  - - i - I  I~ x 1 0 n - i - - i u - c ’ c i i c - .~ a i c c ’ c - - i - i c t n d i n g  them. (‘onside’ring all
e c m - c’ a - i t t c a t - n- -i u - -  m i i i  I t t - i  I o cn u l  • i ; i t n m  Su u - t ’ - i - i c i i c l i i c ~ the point (al-n e-n out I - ut 10 f r o n t  (he’
l l - i tn t, u - i u - -  - iL - i t’u-_ t- t i - i c - ic - ‘ ‘—- ii i t nt - t Ic - P th e ‘ i-ro t- i n  th e ’ total de- flection to ra nge from
~ 1. ~~

‘‘  l ± 2 , \Vt lI i u -u - i-a l t i - i - i ~t - c l  u f  s u t n i - u c u n d i ng 10 x j
0 data .

J ut - - m c -  - ti m - i - r u- i u- u - n  n t i —  - i n -  I )  7) - M - u - l u - c  ti - i  (1 th e’ l)re ’diCtiOfl of rrmean art oniu -e l i - i - u - --
u - i t c— - n c u - i n -  l t ~ ~- i - 1 -  - i - i  - 1 i c ;  I - - -i - u - i c  - ~ -i - s u - c~ c~ i t - i - i t  ( u - - i  n- -c Ici.u- it-u -I geophysical phenom ena . In
l I e u - - u -  pt - u - pu - - c - u - l u i  u - u u t t h u i ’  m t - u - - n - - M t - P  s i - i c i cu- t t r  l i m e factors thu-it influence anomalies at n - c u - n
i nc’l i i - iIii c~ l)u)ttOti m u - - i u - - i  cn , r n t p l c u -  - i - i t ’  It - i- -i -nu n cit - u- u - l u m ,  and the age’ of the crust in the u-i m’c- n c
o f  in t e  t - c -~s t  -

In (‘t il tS lu - I c- u ’ cta~ t i m e - s e -  u - l u- t u t u-il -i - c c - i  - t o - a - Ni -u - i  r slec- ( ihid) de-vclope’d auto cova riu -i m c
t a c t - n - i - u n -n l o u t - c- r o s I n - i l  - c ~~-i - , ( i n - i -  e -r t t s s  c - i c c - i t - -i n - i n - i t -  ftmnet it - i n f~r anomalies and c m-u -n a t a l

; t c I~ cc c c - n c  c’ u - i t n - -i lu- c t ; -  u - m - i a f l s  I u- - 1i t h  u - t o P  u - u c rc-as c o c a  riance function fur  u-thOm—
u - c i t e s  u -u -n d k-pth , n u l l  u - i a t  t - iu - n~ u lu - itt - u in l~’ n-u- 1° h i t > P u - n -u- . ‘This information was used to

t n - - d i e - I n o f l t i ; c i l c t ’ u  u - i  1 0 \ 10 n i u t - i ’ c c n t j j t - ,- u- u - h i - i- l i  c u - c - r u -- the n ec uimpareci to their know n
n i l - i t t - ; - . ‘(‘h - i-  u - i - - i - il n i t - u - u n  5 - u - c u - u - u - r u -  dift ’u - ’ c - t ’ip- t f o - i u i n u i  u -u - as  + 11. 5 rngals which c’n tnp n n t --i c-

t ’n c c u - i n i i t i ’ u  u - ctllc t he  p u - -i ’ t l i - i ’ ( c ’ d  s I t - m n - I n -  ixi Pu - u -  in it ~-cn s of about ± 11 mngals. Kearslev
t~ , - i i n~4t St5 l u - u - i t  i l l  time - i l - m u - n c  a rid tn ’ uu - ’ u - u  c-lance-s could be combined in one genera l

i t t  I !M ’ t i i i i t  ~) i - i ) e e S S  —

itt It t - i p s i  I - i  c c u - c - n t  t n - -i i’ ‘ n i l  u- m t  •~~ i- u - a s  li nt s bee-in made- in improving our kn ow ’l—
c-u - l u-,-, - Ut c It  - cu-i t Pl c s ¶

~~ 
t n m  u-~~~t f i t  ‘ h u h  I ’ u - i I A - n l  l u - i l  c - i t u - - i f f i c  lent- determinat ions from sat—

c i l u l a ’ i l u - nu n i l - i n c  i in iu - - o ’ I x - i - t t  t ’,xP- tm ~i - i- u - j u - u i th-g r e - - i -  20 with n-ut -u -ny additional resonant
- O r n a - - , In u-c i t c t c u - i h - i - t -  - i )  new’ u - c c t - a s  tu r u - - i - a l r i a l  data has become available.

,- \ n u - l  - i - i f  c - i  -n - - I  n~ c n t - c u i f u - ; u n l  I iuc l u - i t i ’l n m i It -u - (lit’ ( u - i- - i - is-- i niltiniete’r dat-a has enabled the
du-’t I - i ’i i t  u - t i ,  -i t t - - m u  - - if u - i l u - u  1-gu- - nu t  uuihc’ u- - i i  1 0 x j

0 me n u -n anomalies. Rapp (1978) suggests
, u u i - i I  i t u u i - i l c ’ u c c - i - n t s  u - i - i m ’ -- i ’ u - i l u t i ’i -  ( i t  c ’ - i - i u t c l u i f l e  u - i l l this ela Ine in a r igor ous least Squares
: t t i l c c - , l i I n  uP ~~~- i - i - i a ’ n -~~. i i n  I t - - i - I u - u a p c c - u - n u n - . - t i t h e-P lu - - i  the ( I1 - 1\I 9 potential coefficient
n-a l bi le t i  1 c h t - i u -~ i’ - u - - I [ c u - I d  on n u n  u - i l  u n t a — i i  s u - - t  of 1° x 1

0 anoma lies. Sped —
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fically this anomaly field contained 50650 values , 2 ~ I 7i of wh i -~: u-~ u - -i - u l i - i - i c  - i-il
Iro n-u Geos—3 altimeter data . The’ re-u t nu - ining c- u - i  l u -n ’s  n c - u - u - k - P  t i - i  i-i ‘ r u t  a - n - i l  ‘ - - i t
were taken to be zero with a standa rd d eviati on c-f :;o n ig a l s. (‘ he - i’c-s - i ml t ‘I u - h - i -
adjustment was an adjusted set of pc -t e -u t inc i  e’c-c-iuf i t ’ i ’ruls l i - i  uk-g ui -- i - l~ u - m d  u - i t t  u - ud~justed global set of 10 x j O anonualiu - ’s . ‘l’he se’ adju st -c -u i  u - i t t - i  io u - I In - u - -c  ~e cci - - i i i  - c I - i - i 1 - i - i-d
into potential coefficients to degree’ 60. ‘l’het-cc c -c-u - -f lEe ic - nis  must ni g i- - i - - i  - -i \ u - i u - l  lu -
with the coeffic tents found in the nu - etu u - u - l n t dj ustn n ’nt I- ic - i  e -ss . i l ig h e- t’ - I c - -p i- -i - i  - n -- u
luti ons are possible , both in the adjust ment pr ue-ess , and in thu- u - l t ’ t - , - i i t j n u - i t  i - i - i t t  - i i i
the potential coefficients front  the’ adjusted an umual  N -s . ‘l ’hc- f l in t  in nidvu -uuib ag e c-f the
technique used in I-lu-u-pp (ibid) is that it provides u - i r igorous combinati on c-f the ’ data
to obta in a consistent set of potential co -f l i u - - i t - n t - s  u - m d  i ° t I~ u - i n c - mu - u - t i c ’ s.
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